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Reasonable people adapt themselves to the world. Unreasonable people attempt to

adapt the world to themselves. All progress, therefore, depends on unreasonable people.

George Bernard Shaw
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Abstract

This thesis is primarily concerned with the parallelisation of a mesh adaptivity method,

used in unstructured mesh finite element modelling, and the dynamic load-balancing of

subsequent computation for distributed memory parallel computers. The key features of

the mesh adaptivity method are: it is an optimisation based method; the optimisation

seeks to minimise an objective function written in terms of a Hessian based metric tensor;

optimisations are carried out iteratively through trials of local changes in the mesh con-

nectivity (h-method) and node movement (r-method). The Gauss-Seidel iterative nature

of the algorithm complicates the optimisation of the elements that are shared between sub-

domains. The approach adopted in this work locks these shared regions so that the serial

algorithm can be applied to each sub-domain independently. Careful tuning of the subse-

quent graph partitioning ensures that substandard elements that were previously located

are later made internal to a sub-domain so that they are free to be optimised when the

serial adaptivity algorithm is reapplied. The additional cost of the required graph repar-

titioning and data remapping can be effectively hidden by the requirements and cost of

dynamic load-balancing. A range of computational fluid dynamics examples, which use

the described method within a finite element method, are presented. It is found that graph

repartitioning and data migration scales well with the number of processors and the total

cost of these operations is far less than that of serial mesh optimisation. Load-imbalances

may occur during parallel mesh optimisation for problems which require substantial mesh

optimisation in just a few localised regions. This however is not found to be a problem

as the total cost of mesh optimisation is, for most practical applications, much less than

the cost of the solver. A novel application of the mesh adaptivity to shape approximation

optimisation for bathymetry data is also presented. The thesis concludes with a discussion

of the advantages and disadvantages of the current method as well as future work to be

undertaken.

4



Acknowledgements

I would like to thank everyone who contributed to this work. In particular I would like to

thank my supervisors Dr. Christopher C. Pain, Dr Cassiano R. E. de Oliveira and Profes-

sor Antony J. H. Goddard who provided constant tuition, guidance and sponsorship. I was

also lucky to have been able learn a great deal from constant discussion with colleagues

involved in related work — in particular Colin Cotter, Matthew Eaton, Matthew Piggott,

Philip Power and Adrian Umpleby, all of whom made valuable intellectual contributions

to this work. I would also like to thank my good friends at the Scientific Computing

Group at NUI, Galway for always letting me syphon off spare (or hog) CPU cycles on

their machines.

I would like to thank my parents - who I cannot thank enough - and the rest of my family

for the unlimited support and patience over the years. I would like to thank my wife,

Maria Nora, whom I was very lucky to meet at the outset of this work and provided

unwavering support - and of course our son Ian for providing the final deadline for this

work!

5



Contents

Abstract 4

Acknowledgements 5

1 Introduction 19

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.2 Error control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.3 Unstructured mesh adaptivity and optimisation . . . . . . . . . . . . . . 24

1.4 Outline of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2 Mesh optimisation 31

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.2 Mesh adaptivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.3 The objective function: Gauge of mesh quality . . . . . . . . . . . . . . . 34

2.4 Error metric tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.5 Mesh Adaptations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

6



2.6 Surface geometry constraints . . . . . . . . . . . . . . . . . . . . . . . . 48

2.7 Adaptive time stepping . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3 Parallel mesh adaptivity 54

3.1 Building blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 Graph partitioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.3 Data migration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.4 Bringing it all together . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4 Halo communications 78

4.1 Communication module . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.2 Halo types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5 Optimal bathymetry approximation 1 92

5.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.2 Ocean mesh generation . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
1An updated version of this work is available: Gorman et al. [55]

7



6 Applications of parallel mesh optimisation 112

6.1 Transient incompressible flow . . . . . . . . . . . . . . . . . . . . . . . 113

6.2 3D flow past a cylinder . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.3 3D flow past a sphere . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.4 Differentially heated rotating annulus . . . . . . . . . . . . . . . . . . . 133

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

7 Conclusion 143

7.1 Dynamic load-balancing . . . . . . . . . . . . . . . . . . . . . . . . . . 144

7.2 Optimal shape approximation . . . . . . . . . . . . . . . . . . . . . . . . 148

7.3 Conservative interpolation . . . . . . . . . . . . . . . . . . . . . . . . . 149

7.4 The next generation of mesh optimisation methods . . . . . . . . . . . . 149

Bibliography 157

Appendix 171

A Metric tensor 171

8



List of Figures

1.1 An adaptive mesh method in 1D would include a higher density of nodes

in the shaded regions than elsewhere in the domain in order to capture the

more rapid variation of the function. . . . . . . . . . . . . . . . . . . . . 23

1.2 Contours of interpolation error on a triangular element. The dashed con-

tour is the contour of zero error. Notice that in general the triangle of

maximum area, that is circumscribed by any contour, will in general be

anisotropic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.3 (a) All edges are bisected and the interior is triangulated; (b) A node is in-

serted into the centre of the element and connected to each of the vertices

and any hanging nodes introduced by regular subdivision of neighbouring

elements. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.1 (a) mapping between Euclidean metrics; (b) the metric M1 has been dis-

torted to become a circle and the metric M2 has been distorted using the

same operations. The maximal inner ellipsoid is shown as a dashed line. . 35

2.2 The metric tensor MMM1 is represented as the red ellipsoid and MMM2 as the

blue ellipsoid. The metric tensor MMM , resulting from MMM1 and MMM2 being

combined is represented by the gridded ellipsoid. . . . . . . . . . . . . . 40

9



2.3 Nodes on the surface mesh can be divided into three categories based on

local information about connected planes. X , Y and Z are three orthogo-

nal axis and the triangles drawn are on planes drawn between these axis. . 46

2.4 Transformation from a pair of elements sharing a single face to three ele-

ments surrounding an edge. . . . . . . . . . . . . . . . . . . . . . . . . . 47

2.5 Graph shows how the maximum allowed time step varies with respect to

time for a simple flow past a cylinder problem when mesh adaptivity is

used. The large values for dt at the start of the simulation are mainly due

to the fact that the initial mesh resolution is large and the velocities are

small. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.1 Work-flow of parallel mesh optimisation . . . . . . . . . . . . . . . . . . 58

3.2 Section of the computational mesh: the dashed line indicates the edges

cut by the graph partitioning, the yellow region indicates the shared ele-

ments (Halo-I elements) and the blue region indicates the extended halo

required for the pressure calculation (Halo-II). Thus, the domain on the

right includes all clear elements on the right plus all of the coloured re-

gion. Similarly for the left domain. . . . . . . . . . . . . . . . . . . . . . 59

3.3 Section of the computational mesh: the dashed line indicates the graph

partitioning, the yellow region indicates the shared elements. The large

font numbering indicates the node numbering over the whole domain.

The superscript indicates the node numbering on sub-domain 1 and the

subscript indicates the node numbering on sub-domain 2. . . . . . . . . . 62

3.4 An overview of the class structure used in SAM . . . . . . . . . . . . . . 71

10



3.5 In this 2D repartitioning example it is clear that at most 2 successive data

remappings are required where the sub-optimal restricted region, yellow

hatching, first forms a polyline and then a set of points. In 3D this re-

stricted region would first form a surface and so at most one extra remap-

ping of data may be necessary. . . . . . . . . . . . . . . . . . . . . . . . 76

4.1 Halo vectors between two partitions. In both cases, the node numbers

before the dashed line list the nodes assigned to that processor by the

graph partitioning. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2 Halo database . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.3 Solution variable packing. . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.4 Linear to quadratic tetrahedra mapping . . . . . . . . . . . . . . . . . . . 86

5.1 An adapted mesh generated for the example in Section 5.1.2. Here an up-

per limit on the maximum aspect ratio is set at 10:1, and an interpolation

error tolerance of 10−2 is imposed. . . . . . . . . . . . . . . . . . . . . . 96

5.2 The height profile across the diagonal is displayed. . . . . . . . . . . . . 97

5.3 Number of nodes required to achieve a given interpolation error tolerance

in the representation of field (5.1). Different upper limits on allowable

aspect ratios have been imposed. As the limit on element aspect ratio

is relaxed the elements have the freedom to become more anisotropic,

remaining aligned with the solution. This allows the bathymetry to be

efficiently represented using fewer nodes and elements. . . . . . . . . . . 98

5.4 The number nodes after optimisation for a given interpolation error and

maximum aspect ratio is shown. The actual maximum aspect ratio of the

shelf is 10. It is clear from all the profiles that as the maximum interpo-

lation error reaches this value, the required number of nodes quickly tails

off. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

11



5.5 The series of images illustrates the steps taken to recover the coastline. The

original triangular mesh obtained from gridded data is shown in (a). Triangles are

retained only if they have at least one node in the ocean. The black contour shows

the position of the coast. The resulting mesh after clipping along the contour is

shown in (b). Clipped elements are re-triangulated resulting in many slivers and

small triangles. The mesh is then optimised, (c), and finally coastal decimation

is performed. The mesh is again optimised to improve element quality on or near

the coast resulting in (d). . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.6 The distance to edge is the distance between the target vertex (indicated

by the arrow) and the new edge formed were that vertex removed. . . . . 103

5.7 A stereographic projection of the globe and resulting optimised mesh,

where 90◦ south is mapped to infinity. This is a conformal mapping which

means that angles are preserved between this space and the surface of a

sphere (Compare with Figure 5.10). . . . . . . . . . . . . . . . . . . . . 106

5.8 Mesh of the North Atlantic with approximately 100k nodes and a maxi-

mum resolution of 1
10

o, this being the resolution the raw data was sampled

at and thus the minimum element size. . . . . . . . . . . . . . . . . . . . 108

5.9 An isometric view of the bottom surface mesh of the Mediterranean Sea.

The vertical has been exaggerated here by a factor 50 for visualisation. . . 110

5.10 A mesh of the globe (compare with Figure 5.7). . . . . . . . . . . . . . . 111

6.1 The velocity, temperature and surface mesh (at time t=100). The top of

the domain, (a), has a a slip boundary condition applied while the bottom

of the domain, (b), has a no-slip boundary condition. In (a) it is clear

that the mesh resolution is focusing in on the vortices of the von Kármán
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Chapter 1

Introduction

Contents
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.2 Error control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.3 Unstructured mesh adaptivity and optimisation . . . . . . . . . . . 24

1.4 Outline of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

This work is concerned with the development of a parallel unstructured mesh optimisation

method and supporting technology. While many of the methods described here are of

general applicability to mesh based FEM/FVM computation (throughout this thesis, mesh

should be understood to mean unstructured mesh), the focus is on 3D models that use

simplex meshes which are unstructured.

This chapter begins by outlining the motivation for using unstructured mesh optimisation

methods. This is followed by a review of optimal error control which is central to the

notion of optimisation. This is followed by a brief description of current trends in mesh

adaptivity. Issues relating to the parallel implementation of each method will also be

discussed. The chapter will conclude with an outline of the rest of the thesis.

19



1.1 Background 20

1.1 Background

Unstructured mesh based computation will form the basis of the next generation of mod-

els to be developed over the next decade for ocean and atmospheric modelling [1], multi-

phase flows, and radiation transport. The most commonly cited motivation for the use

of unstructured meshes, as juxtaposed to structured meshes, is that they are highly suited

to modelling with complex geometries (domain boundaries), while the primary disadvan-

tage is generally seen as the significant computational and storage overheads incurred.

Because of this, the potential of such models are only fully realised with the use of mesh

adaptivity techniques [2]. Adaptive mesh methods, which allow mesh resolution to be

focused on where it is needed, give rise to a clear potential for unstructured meshes to be

more efficient than structured meshes in terms of computational cost and storage.

Critical to any state-of-the-art unstructured mesh fluids model is the ability to dynamically

resolve developing solution features (e.g. shock waves, fronts, eddies) whose positions

are not necessarily known a priori to the simulation. Mesh adaptivity methods allow the

mesh to be locally optimised to resolve such flows in response to an error metric which is

generally derived from either the solution, or the partial differential equations describing

the system dynamics and modelling goals [3, 4, 5]. In addition to this, the error metric

(described in detail in the next section) can be modified to reflect auxiliary information.

An example of this would be an ocean circulation model in the Mediterranean where the

subject of investigation is dynamics close to Malta. In cases such as this, it is natural to

define an importance function within the domain which is unity close to Malta and decays

with distance from the shelf surrounding Malta. This function can then be used to rescale

the desired mesh length scales as defined by an error metric.

Mesh optimisation methods locally adapt the model resolution to resolve solution fea-

tures under the guidance of some error metric derived from either the solution (such

as the interpolation error in the piecewise polynomial representation), or the partial dif-

ferential equations describing the system dynamics (a posteriori errors) and modelling

goals. There are three broad categories of adaptive methods: the h-method, which refines,

coarsens and modifies the connectivity of elements locally; the p-method, which adjusts

locally or globally the order of the polynomial expansion in the element basis functions;
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the r-method, which relocates a fixed number of grid points to regions where high reso-

lution is needed. The naming and definitions of the adaptive methods adopted here are

based on those used by George [6], but in the literature these categories are also known

as h,r,p-version, refinement or adaptivity. AMR (the acronym is generally taken to mean

adaptive mesh refinement as applied to structured meshes) applies the h-method through

local grid subdivision. This method is popular as it is straightforward to implement and

can be used for structured meshes. However, the method results in hanging nodes that

must be constrained to avoid numerical problems (e.g. spurious wave reflections), thus

making the calculations more involved ([7], page 402). A similar argument can be made

regarding mesh-nesting methods. A simple solution to the hanging node problem is to ex-

tend the element subdivision to neighbouring nodes until a domain boundary is reached.

However it is clear that this results in unnecessarily large numbers of degrees of freedom

being added to some regions of the domain. This is in contrast to the h-method used with

unstructured simplex meshes which, as will be seen in the next chapter, only perform

local mesh modifications and always result in a conformal mesh with no hanging nodes.

As modelling interest is increasingly in high fidelity solutions for complex problems, par-

allel computers, and complementary parallel methods, are generally adapted to provide

the computational power required. Indeed, the demand for model realism has always out-

paced developments in computer technology and computational methods, and the trend

is set to continue. Principal challenges associated with developing a parallel mesh adap-

tivity method include consistency of shared node and element information between sub-

domains, minimisation of communication overhead costs, and dynamic load-balancing.

Mesh data consistency refers to the requirement that all processors that have information

regarding particular mesh entities (e.g. nodes, elements, auxiliary), have that informa-

tion correctly updated as part of the mesh adaptivity process and that the complete mesh

remains conformal after the application of mesh optimisation (i.e. no hanging nodes

are allowed). After mesh optimisation has been performed, load-imbalances are to be

expected as nodes and elements are in general added and deleted according to solution

requirements and thus the distribution of work may vary across subdomains. The obvious

exception to this is the r-method as the number of nodes and mesh connectivity does not

change — clearly an attractive property for parallel computation. However, it has been
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found to be impractical to use pure r-methods ([7], pages 402–403) and the best results

are generally obtained by combining the r-method with the h-method [8]. For these rea-

sons there is a great deal of interest in dynamic load-balancing and cost modelling for

parallel mesh optimisation — deciding when the mesh needs to be repartitioned among

the processors involved in the computation, methods for calculating such a repartitioning

and efficiently realising the new partitioning through data migration (in the literature this

is also referred to as data remapping).

1.2 Error control

Consider the 1D function illustrated in Figure 1.1. It is clear that in order to faithfully rep-

resent this function using piecewise linear splines (or other low order polynomial splines),

more splines are necessary within the shaded regions than outside. It is this simple ob-

servation that motivates mesh adaptivity methods. The overall mesh adaptivity procedure

can be viewed as comprising two phases. The first phase involves evaluating solution er-

rors. This may involve estimating in some sense the discrepancy, or potential discrepancy

in the case of sensitivity estimates, between the computed solution and the real solution

for example. Perhaps the most readily available error measure is the interpolation error

(an excellent introduction to this and the theory of error control is given by Simpson [9]

and D’Azevedo et al. [10]). In 2D, consider a triangular element, T , and a linear inter-

polant p(x) of a convex quadratic function f(x) on the vertices of T . The error at any

point in T is simply

eT (x) = f(x)− p(x).

This error is also a quadratic function and has the same Hessian, H , as f (the second

derivatives of p are zero as it is piecewise linear). As will be shown in Section 2.4, if

the eigenvalues of the Hessian are modified so that λi ← abs(λi),∀i, then the contour

lines of constant error form concentric ellipses where the ellipse corresponding to an

interpolation error of zero passes through the vertices of T and increases toward the centre

of the ellipses, as illustrated in Figure 1.2. Note that this modification to the Hessian is

justified as it is the magnitude of the curvature of the solution that is significant in this
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context and not its sign. The maximum error in T is then either the value at the centre

of the ellipses, in the case where the centre is located within T , or on the boundary of T

at the midpoint of the edge closest to this centre [10]. Clearly then any triangle which

has all three vertices on the same error contour will have the same maximum error if the

centre of the ellipses lies inside the triangle. At the simplest level, the send phase of mesh

adaptivity then tries to ensure that this maximum error is within some error band, ε±∆ε,

by adjusting the size of the element. Mesh adaptivity becomes an optimisation problem

(thus qualified term, mesh optimisation) when the maximum efficiency mesh is sought; a

maximum efficiency mesh is formed when each element has a maximum specified error

of ε and the element of maximum volume is formed within the zero error contour for each

T [9]. Variants of this problem can use many different error measures such as gradient

errors and other solution based error measures [10, 11] or a posteriori errors [12, 13, 14]).

These error measures are typically combined with other modelling constraints, such as

geometric constraints or constraints on the maximum number of degrees of freedom that

can be solved for. The final metric is typically either a scalar, which is used to determine

elements to be refined or de-refined, or a metric tensor.

Figure 1.1: An adaptive mesh method in 1D would include a higher density of nodes
in the shaded regions than elsewhere in the domain in order to capture the more rapid
variation of the function.
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Figure 1.2: Contours of interpolation error on a triangular element. The dashed contour
is the contour of zero error. Notice that in general the triangle of maximum area, that is
circumscribed by any contour, will in general be anisotropic.

1.3 Unstructured mesh adaptivity and optimisation

Given an error metric, the question becomes how to obtain a more efficient mesh - how

to generate a mesh whose error is close to some user specified value (for the sake of

the present discussion it is assumed that any other mesh constraints are included in this

error). As previously stated mesh optimisation methods can be categorised as being r-

method, h-method, p-method or some combination of these. The p-method will not be

considered in this work other than noting that when it is applied globally there are very

few parallel computing issues and there is much to recommend it. All of these techniques

focus on modifying an existing mesh to fulfil some objective function. An alternative is

to regenerate an entirely new mesh, using standard mesh generation techniques such as
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advancing front or Delaunay triangulation. In this case the mesh generation uses the error

metric to ensure that the correct density of nodes are inserted in the mesh [15, 16, 17, 18,

19, 20]. However this is in general expensive as compared with local optimisation based

adaptive methods (consider for example if only a small region in a large domain requires

modification or if a transient problem is being solved).

Hierarchical based mesh adaptivity methods form a widely, and very successfully, em-

ployed type of h-method [21, 22, 23, 24, 25, 26, 27, 28]. The method operates by insert-

ing nodes into the edges to be refined, and subdividing the parent elements surrounding

that edge into several smaller child elements. Once a systematic data structure has been

formed at the outset of the solution process which stores parent-child relation information,

refinement and de-refinement is fast and efficient. The method also has the advantage that

it can be used to form the basis of a multigrid method [22, 25]. For tetrahedral elements a

good explanation of the algorithm is given by Speares et al. [28]. Once mesh edges have

been marked for refinement, elements can be grouped into two classes: elements which

contain 4 edges or more that must be refined and are subdivided using regular subdivision

(see Figure 1.3 (a)); elements that have 1 to 3 edges to be refined are treated with green

subdivision (see Figure 1.3 (b)). In the case of regular subdivision, when the inner octa-

hedron is being triangulated it is usual that the longest inner diagonal forms the central

edge [26] although there are other possibilities [27]. Elements which require 1-3 edges to

be refined are referred to as green elements and need to be subdivided in such a way as to

regain mesh conformity. This can be done by inserting an extra node into the interior of

the element (usually at the centroid) and connecting this node to the vertices of the ele-

ment and to the middle nodes of the bisected elements. Some elements formed in this way

may be of poor quality thus adaptivity is constrained such that green elements cannot be

further refined. If a green element requires refinement, it is first coarsened and the parent

is then refined using regular subdivision. It is shown by Ong [27] that the degradation in

mesh quality due to this method remains bounded. Other variations of green subdivision

also exist that do not involve the insertion of an extra node (see [29]).

Scalable parallel algorithms for this adaptivity method have also been developed [30, 31,

32, 33, 34]. Generally the approach is to partition the mesh on the coarsest level of the

mesh hierarchy. While this gives more coarse grained control of the load-balancing it
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(a) Regular subdivision

(b) Green (1:6) subdivision

Figure 1.3: (a) All edges are bisected and the interior is triangulated; (b) A node is inserted
into the centre of the element and connected to each of the vertices and any hanging nodes
introduced by regular subdivision of neighbouring elements.



1.3 Unstructured mesh adaptivity and optimisation 27

also greatly simplifies the problem of coarsening and refining mesh entities shared be-

tween processors as well as the complexity of the data structure that stores the element

hierarchy. The key issue when adapting elements in parallel is that of dealing with green

elements. When a green element is to be refined it is first coarsened and then a regular sub-

division is performed on the parent element. This operation will bisect an edge that was

not previously marked for refinement and thus elements sharing that element now must

be subdivided to regain mesh conformity. This “knock-on” effect can clearly continue.

When this is performed in parallel such knock-on effects will sometimes cross domain

boundaries. This is handled by forming a list of all those edges that have been marked

for refinement at the subdomain interface and communicating this list to neighbouring

elements once all other adaptations have been made. This avoids the need for numerous

small communications that would be detrimental to the method’s efficiency — though it

is noted that communication required to maintain data consistency is still significant [32].

The adaptive procedure is then reapplied until all elements marked for refinement have

been refined and a conformal mesh is obtained. Another important issue is that of dy-

namic load-balancing. Usually after an adaptive step the load-balance is calculated across

the processors (this can be calculated as being the ratio between the minimum number of

nodes on any partition and the maximum). A new graph partitioning and data migration is

then performed if this drops below some threshold and the cost of data migration justifies

the cost of data migration. It is noted that this method appears to be particularly challeng-

ing to implement principally because of the complexity of the required data structures

and cost of migrating these data structures between processors [33] — although this is

difficult to quantify.

An alternative class of mesh adaptivity methods rely instead on local changes (or ele-

mental changes) to the mesh connectivity. These elemental operations can be grouped

into three basic categories: point insertion/deletion (e.g. [23, 24, 35]); local recon-

nection methods (e.g. [36, 37, 38, 39]); mesh smoothing, also called r-method (e.g.

[40, 41, 42, 43]). Many practitioners have demonstrated that all three operations can

be combined effectively (e.g. [8, 3, 4]). These methods are generally referred to as mesh

optimisation methods as they involve the definition of some objective function (some

notion of the quality of an element) and elemental modifications are performed on the
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mesh in an attempt to reach some goal as defined by that objective function. In the case

of mesh optimisation being applied prior to a solution being computed, objective func-

tions are based solely on geometric criteria such as the Jacobian matrix (the determinant

of which provides an effective objective function for untangling) or limiting small and

large dihedral angles (see Knupp for an excellent discussion on geometric based objec-

tive functions [44]). However, when mesh optimisation is used as part of the solution

process, a posteriori error measures or error norms derived from the solution (e.g. inter-

polation errors) must also be taken into account in the objective function. This is usually

accomplished by defining a metric tensor (e.g. [9, 45, 3]) which allows local anisotropic

features in a solution to be made isotropic through a coordinate transformation. As is

shown in Chapter 2, the metric tensor can be defined so that the optimal simplex element

(in terms of efficiency and error) is an equilateral element with edges of unit length. An

optimisation problem can then be formulated by defining an objective function in terms

of the metric tensor. Although the problem of finding the optimal mesh is suspected to

be NP-complete, the methods described above robustly generate good quality meshes. In

addition Ollivier-Gooch has recently developed an optimised edge contraction algorithm

specifically for generating a hierarchy of progressively coarser meshes so that geometric

multigrid solver methods can also be employed [46].

The use of a metric tensor in directing the shape of elements in a mesh can lead to

anisotropic elements when the solution is itself anisotropic. Traditionally anisotropic el-

ements have been considered to result in numerical algorithms with both increased finite

element discretisation errors and poorly conditioned matrices. It can be shown however

that this is not necessarily the case provided that large (close to π) angles are avoided1,

and the anisotropic elements are aligned well with the problem physics or solution, so as

to obtain a locally isotropic interpolation error (see [4] and the references therein).

When the fore mentioned adaptive methods are applied in parallel they are possibly more

involved than hierarchical methods, from a data consistency perspective, as they rely on

Gauss-Seidel type sweeps of the entire mesh, and the mesh must of course be conformal

after mesh optimisation has been applied. A colouring based algorithm is used by some

1Large angles result in element interpolation error contours that do not form concentric ellipses with the
center contained within the element as in Figure 1.2
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investigators to accomplish this ([47, 48, 49]). To ensure that the shared mesh entities are

not updated simultaneously on different partitions, a task graph for each given elemental

operation must first be defined. The task graph defines the mesh entities that must be

updated when an elemental operation is performed and thus defines that data that must

be synchronised at the end of an adaptive step. Let the entity to be operated on be the

first vertex of the task graph. All mesh entities that need to be updated because of the

operation define the remaining graph nodes. The edges of the task graph are all these

vertices connected to the first vertex. For example, for node smoothing this is simply

the node being moved and the elements that contain that node (see Freitag et al. [48]

for examples of other task graphs). The graph formed by connecting these task graphs is

then coloured (in practice maximum independent sets are calculated as an optimal graph

colouring is not sought). Broadly speaking, the parallel mesh adaptivity is then carried

out by sweeping through graph entities of the same colour in sequence, synchronising

changes after each colour has been processed (for full details see [49]). However this

algorithm is complex to implement and would necessitate a significant rewrite of an ex-

isting serial mesh optimisation code. In addition, it is not clear how significant the overall

cost of the synchronisation steps might be on distributed memory parallel computers.

However there is an alternative approach. Any of the mesh adaptivity methods discussed

also induce load-imbalances due to the fact that the number of degrees of freedom varies.

This requires an additional dynamic load-balancing step after mesh optimisation has been

applied (or between a coarsening and refinement phases of mesh adaptation). The ap-

proach taken in this work is to overlap the usual communication overhead associated

with data consistency when adapting a mesh in parallel with the communication cost of

dynamic load-balancing.

1.4 Outline of thesis

The remainder of this thesis is outlined as follows. The next chapter describes the serial

mesh optimisation method used in this work. The basic method is that originally devel-

oped by Pain et al. [3] but several significant innovations have been contributed. These
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innovations include geometry constraints for discrete surfaces, metric tensor gradation

control and adaptive time stepping. Chapter 3 describes the parallel implementation of

the mesh optimisation method and dynamic load-balancing. The method relies on the

novel use of edge weights, defined in terms of the error metric, with a graph partitioner

to discourage mesh regions deemed more suboptimal from being partitioned. This min-

imises the number of shared elements that require adaption. This is combined with a

fast, efficient data migration algorithm which, due to its specialised nature, minimises

the overhead of parallel mesh optimisation and dynamic load-balancing. Chapter 4 deals

with the construction and maintenance of halos for different discretisations. This chapter

provides useful technical details of the overall algorithm operating with the DDM within

the FEM codes considered. Chapter 5 focuses on a novel application of mesh optimisa-

tion methods to shape approximation optimisation for bathymetry datasets. This method

facilitates the practical application of mesh optimisation to ocean modelling where the

geometry must not be modified but must also be accurate while not overly constraining

the solution mesh. Simulations results and empirical scalability results are presented in

Chapter 6. The final chapter draws conclusions from the work presented and discusses

possible future directions of mesh optimisation research.
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Mesh optimisation
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2.1 Introduction

A key difficulty in the use of static computational meshes is that the mesh is generated

a priori to the solution. Traditionally this has meant that numerical practitioners have

had little control over the errors associated with the solution of a particular problem, at

best aiming to limit the maximum error occurring in the domain by using a sufficiently

fine mesh. This makes it difficult to ensure that the computational mesh has sufficient

resolution to resolve the phenomena of interest, especially as the solution evolves for

time-dependent problems, although it is also true for time-independent problems. Due

to practical limitations on computer memory and time required to compute a solution,

creating a sufficiently fine mesh everywhere in the domain is generally not an option.

There is also a question of computational efficiency. Whereas in some areas the solution

may be varying rapidly (i.e. have a high curvature associated with the solution variables),

in other areas the solution may be relatively uniform and thus a high mesh resolution

is not necessary for the solution to converge and the solution features of interest to be

captured.

Tetrahedral mesh optimisation (or mesh adaptivity) provides a method for locally modi-

fying a tetrahedral mesh in order to maintain solution errors within a specified tolerance

given some constraints such as the memory available on the computer used for the sim-

ulation. While several error measures are possible, an interpolation error is used in the

work presented here. The aim is to make local modifications to an existing mesh, which

contains a piecewise polynomial description of a solution field, so that the existing solu-

tion (as a posteriori error measures are required to preempt the solution) is represented

optimally for some specified error and computer hardware constraints. The assumption is

that the solution will vary sufficiently little within a time interval so that an optimal mesh

for some time tn will also be close to optimal at a time tn + ∆t. As will be shown later,

the quality of an element is defined in terms of an error metric that contains directional
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information, and so highly anisotropic elements aligned with solution features become

possible, and indeed desirable. For example, in boundary layers or fronts the mesh may

need to be refined in one direction only. This feature may first appear to be at odds with

traditional wisdom in mesh generation that favours isotropic elements. However, in the

absence of any mechanism for a mesh to adapt to a solution, isotropic elements may be

viewed as being the best compromise.

The remainder of this chapter describes a mesh optimisation method based on that pre-

viously described by Pain et al. [3]. In addition, a method is introduced for explicitly

preserving the shape of the domain while optimising the mesh. This is necessary for

many applications where conservation can be an issue when there are spurious volume

changes due to mesh nodes being snapped to, or moved along, parametric models during

mesh adaptation. This approach is also used to prevent neighbouring surface elements

on slow curving surfaces from being erroneously identified as being coplanar, making it

possible for modifications to be applied that may compromise the shape. In addition, a

metric tensor gradation control method is introduced, which has the effect of smoothing

the metric tensor field, removing sharp changes which undermine the effectiveness of

mesh optimisation. A simple adaptive time-stepping method is also described.

2.2 Mesh adaptivity

Fundamental to the method of mesh adaptivity is the formation of a metric which de-

scribes in some way the error in the solution. In order to obtain optimal computational

efficiency, this metric should not only contain information on the element and node den-

sity required to yield the required interpolation errors within the solution, but it should

also capture the anisotropic nature of the solution. Elements which are “optimal” in the

sense of the metric, may be highly anisotropic. This results in good computational effi-

ciency as one can ensure that such features can be captured with a minimum, yet sufficient

number of elements.

In practice, an objective function is formed from the metric so that a single number rep-
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resents in some sense the distance of the local mesh from an optimal configuration. The

problem of mesh optimisation is then cast as an optimisation problem where the objective

function is to be minimised.

2.3 The objective function: Gauge of mesh quality

The objective function used to gauge the quality of the mesh is

F = ||F ||∞, (2.1)

where F is a vector of length equal to the number of elements, and the component Fe of

vector F associated with element e is

Fe =
1

2

∑
l∈Le

δ2
l + µq2

e , (2.2)

where Le is the set of edges of element e and µ is a scalar used to weight the relative

importance of the two terms described in detail below (µ = 1 is used here). The first

term in (2.2) gauges the size of element e and the second term, involving qe, its shape.

Lower values of Fe indicate better elements. Thus, the mesh objective function in (2.1) is

actually a measure of the worst element in the mesh.

In (2.2), δl is defined for an edge l as

δl = rl − 1,

where rl is the length of the edge l, with respect to the edge averaged metric tensorMMM l(Ω)

defined in Ω, see Appendix A.
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(a) The mapping (b) Metric superposition

Figure 2.1: (a) mapping between Euclidean metrics; (b) the metric M1 has been distorted
to become a circle and the metric M2 has been distorted using the same operations. The
maximal inner ellipsoid is shown as a dashed line.

The shape of an element, qe, is defined as,

qe =
α

ρe

− 1,

where

α =
1

2
√

6
,

ρe is the radius of the inscribed sphere of element e in Euclidean space with respect to

M(Ω) (see Figure 2.1(a)). The scalar α has been chosen such that qe = 0 for an ideal

tetrahedral element in 3D (aspect ratio of unity in relation to the metric M ). The two

terms of (2.2) work together in the sense that q2
e requires the in-sphere radius of element

e to be approximately α while
∑

l∈Le
δ2
l when optimised, will push the edge lengths of

element e toward unity with respect to M .

The element in-sphere radius, ρe, is calculated using the tetrahedral face areas and the

element volume in metric space. Numerically, the area of a triangle can be accurately

calculated by defining the edge lengths a, b and c such that a ≥ b ≥ c and computing

Ã = ((a+ (b+ c))(c− (a− b))(c+ (a− b))(a+ (b− c)))1/2/4,

with the lengths calculated in metric space using (A.1).

The volume of a tetrahedron in Euclidean space can be expressed as one sixth of the
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volume of a parallelepiped

Ve = det(rrrarrrbrrrc)/6,

where rrra, rrrb and rrrc are any three edge vectors of element e with a common vertex. Note

that (6), whose sign is dependant on the order of the three vectors, can also be used to

determine the orientation of a tetrahedron. The volume of an element in metric space is

then approximated by

Ṽe = (det(MMM e))
1/2Ve, (2.3)

Where MMM e is the element averaged metric tensor. The radius, in metric space, of the

inscribed sphere of element e can then be calculated using

ρe =
3Ṽe

Ãe
1 + Ãe

2 + Ãe
3 + Ãe

4

where Ãe
1, Ãe

2, Ãe
3 and Ãe

4 are the areas of the four faces of element e.

2.4 Error metric tensor

2.4.1 Definition

In 1D a simple Taylor series analysis shows that the interpolation error ε in the represen-

tation of a sufficiently smooth function ψ by its piecewise-linear interpolant on a mesh

{xi} is given in terms of the function’s second derivative. In particular over the mesh cell

[xi, xi+1] define

ε = c0h
2
i

∣∣∣∣∂2ψ

∂x2

∣∣∣∣ , (2.4)
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where hi = xi+1 − xi is the local mesh spacing, c0 is an O(1) constant independent of

the mesh ([18], page 348). Equality between the magnitude of the interpolation error and

quantity (2.4) can be obtained when the second derivative is evaluated at an appropriate

point within the mesh cell, alternatively an upper bound can be obtained by taking a

maximum in the right-hand side of (2.4) over the mesh cell.

In higher dimensions, for example on a mesh of tetrahedra in 3D, the analogous result is

given by

ε = c0vvv
THHHvvv (2.5)

for the Hessian HHH ≡ ∇∇∇T∇∇∇ψ evaluated at a point within a tetrahedron, where vvv is a

vector representing a length and direction between any two points within the tetrahedron.

The link with the 1D case may be reinforced by noting that the quantity vvvTH(x)H(x)H(x)vvv is the

curvature of the field ψ at point xxx and in direction vvv. Again a bound on the interpolation

error may be obtained by taking the maximum over all points and all directions. The

fact that directional information is included in (2.5) is the reason that anisotropic mesh

changes may be made.

For a required (specified) global interpolation error, εg, a metricMMM is defined such that an

element size (length) is unity if it has the desired interpolation error. Thus,

MMM =
1

εg
HHH(abs), (2.6)

where HHH(abs) denotes the fact that the eigenvalues of HHH must be made positive to ensure

that MMM is positive definite. This also reflects the fact that it is the magnitude of the

curvature that is of interest rather than the sign of the curvature.

George et al. ([18], page 350) point out that use of a global error norm can in fact alter the

error analysis by enhancing the accuracy of regions with high solution magnitude where

changes are clearer than those regions of low magnitude. To overcome this, use is made

of a relative error,

εr =
vvvTHHHvvv

max(‖ψ‖, ψmin)
,
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giving a new metric tensor,

MMM r =
HHH(abs)

εr max(‖ψ‖, ψmin)
, (2.7)

for some positive ψmin. ψmin is required to be some number greater than zero to avoid

division by zero, but it can also be used to suppress curvature values associated with small

values of ψ which may be considered spurious. It is important to note that while in (2.6),

the interpolation error, εg, has the same units as the solution field, the relative interpolation

error, εr, is unitless and εr ∗ 100% is the percentage error.

2.4.2 Multi-objective error control

For problems with more than one unknown, each field will have its own metric, reflecting

its own required mesh resolution. Each field may also have different error requirements

reflected in the metric of that field. The aim is to reduce the problem to the case where just

one metric tensor field is necessary. This is done by combining metric tensors together in

such way as to protect small edges and directional information. Consider two metric ten-

sors to be merged, MMM1 and MMM2, with eigen decomposition MMMn = VVV T
nΛnΛnΛnVVV n, n ∈ {1, 2}

where VVV n is the rotational matrix and ΛΛΛn is a diagonal matrix containing the eigenvalues

of MMMn. The metric can also be written in terms of its deformation matrices, MMM = FFF TFFF ,

whereFFF = ΛΛΛ
1
2VVV . The first step is to map both metrics to a space where one has eigenval-

ues of unity, thus:

III = FFF−T
1 MMM1FFF

−1
1

M̂̂M̂M2 = FFF−T
1 MMM2FFF

−1
1

where III is the identity matrix (eigenvalues are all unity). Noting that larger metric tensor

eigenvalues correspond to smaller length scales, a new metric tensor, M̂̂M̂M ′
2, is derived from

M̂̂M̂M2 by redefining its eigenvalues, λ̂i, i ∈ {1, 2, 3}, as:
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λ̂′i = max{1, λ̂i}, i ∈ {1, 2, 3}.

This new metric is then mapped back to the original space to obtain the final merged

metric,

M = FFF T
1 diag(λ̂

′
i)FFF 1, i ∈ {1, 2, 3}.

The result is illustrated in Figure 2.2. When choosing the metric tensor that will be

mapped to the unit sphere it is usual to choose the metric tensor with the smallest as-

pect ratio (maximum eigenvalue divided by minimum eigenvalue). This protects against

degenerate cases such as when merging a 2D disk with a sphere for example. This process

is repeated for the error metrics of additional solution fields.

2.4.3 Bounding aspect ratio and edge length

It is useful to modify the metric tensor M̂̂M̂M so as to impose bounds on the maximum and

minimum element sizes, as to avoid unrealistic meshing goals. This is possible as one

generally has an idea of the requirements of a given problem. For example, the minimum

edge length may need to be set to prevent mesh optimisation from trying to resolve eddies

below a certain scale, while the maximum should be some fraction of the domain size.

Given that the desired edge length in the direction eeei is hi = 1/
√
λi, it is clear that the

eigenvalues should be replaced by,

λ̃i = min(max(|λi|, 1/h2
max), 1/h

2
min) ∀i ∈ {1, 2, 3}, (2.8)

where hmin and hmax are the minimum and maximum element sizes (more specifically,

edge lengths). In addition it may be desirable to control the maximum aspect ratio, a.

This is done by decreasing the largest eigenvalue (equivalent to shortening the longest
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Figure 2.2: The metric tensor MMM1 is represented as the red ellipsoid and MMM2 as the blue
ellipsoid. The metric tensorMMM , resulting fromMMM1 andMMM2 being combined is represented
by the gridded ellipsoid.
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desired length scale),

λ̃′i = min(λ̃i,
1

a2

3
max
j=1

λ̃j) ∀i ∈ {1, 2, 3}. (2.9)

However, experience indicates that this is generally not required and has been largely

replaced by anisotropic gradation methods (see next section).

Since all the eigenvalues are positive, the new metric tensor is also positive definite. To

summarise:

• the maximum aspect ratio for elements is controlled by limiting the smallest eigen-

values with respect to the largest eigenvalue,

• the maximum length scales of elements is limited by imposing a lower bound on

the eigenvalue,

• the minimum length scales of elements is limited by imposing an upper bound on

the eigenvalue.

2.4.4 Metric tensor gradient control

It is often observed that due to the complexity of both the geometry and physics, and

the numerical difficulty of calculating the metric tensor on a piecewise linear mesh, the

metric tensor field may include sharp changes in eigenvalues and principal directions. As

the mesh optimisation method assumes a well-sampled and differentiable metric space,

this can lead to inaccuracies in the mesh optimisation and thus the solution. Recently Li

et al. [50] introduced a method for controlling the gradation of a metric tensor field to

address this problem. The method, applied in a Gauss-Seidel iterative manner, compares

metric tensors connected by an edge in the mesh. The eigenvectors of the respective

metric tensors are first paired as to minimise the angle between the two eigenvectors of

each pair. A gradation measure on an edge between points P and Q is then defined as,

γ(eeeP
i , eee

Q
j ) = e

|hP
i (eeeP

i )−h
Q
j

(eee
Q
j

)|
LPQ (2.10)
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where hP
i and hQ

j are the desired length scales in the direction of the pair of eigenvectors

ei and ej associated with the metric tensors at point P and Q respectively, and LPQ is the

distance in metric space between P and Q. γ = 1 signifies a constant field and therefore

a regular mesh. A mesh field satisfying γ = 2 will double in length scale from element to

element along the principal direction.

When γ exceeds some tolerance the metrics are modified as to satisfy the gradation toler-

ance. Importantly, this is performed in such a way as to maintain the accuracy by seeking

to satisfy the gradation tolerance by reducing desired edge lengths. The fact that met-

ric tensor eigenvalues are only ever increased also guarantees that the method will not

oscillate.

The first step involves rotating the most isotropic metric tensor so that it is more closely

aligned with the more anisotropic metric tensor, thereby preserving directional informa-

tion. Letting RP and RQ be the aspect ratio of the tensors, and RP ≥ RQ, the anisotropy

respect factor is defined as,

α =
(RQ − 1)RP

(RP − 1)RQ

. (2.11)

α is defined in the interval [0, 1] such that α = 0 if one of the metrics is isotropic and

unity if they have the same aspect ratio. In the case where RQ = 1, the eigenvectors of

MQ can be set to be the case as those of MP . Otherwise Li et al. suggests setting the new

eigenvectors for Q as,

e′Qj = (1− α)ep
i + αeq

j . (2.12)

However this is not exact so it is necessary to rescale e′Qj to enforce numerically the unit

length of the resulting eigenvectors. Care must be taken when applying this method as

eigenvectors may be separated by large angles. A simpler but equally effective approach

involves calculating a weighted average metric,

MMMpq = (1− α)MMMp + αMMM q. (2.13)

The eigenvectors of this metric have the property of being more closely aligned with the

more anisotropic metric tensor. The eigenvectors of MMMpq are then taken to be the new

eigenvectors forMMMp andMMM q.
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In order to adjust the eigenvalues, let h′Pi be the reduced size of hP
i . To make γ = γ0,

where γ0 is the specified tolerance, (2.10) is rearranged to give,

h′Pi = LPQln(γ0) + hQ
i . (2.14)

This process is applied iteratively until all edges have γ < γ0.

2.4.5 Limiting node numbers

It is important to be able to predict the number of elements that will be in the post-

optimised mesh given a metric tensor field,MMM(Ω). This is often required for rescaling the

metric tensors so that the post-optimised mesh does not exceed hardware constraints (e.g.

memory constraints).

The volume of the optimal tetrahedron in metric space is γ = 1/
√

72. Assuming that all

elements in the mesh are close to optimal after optimisation, and thus have volumes close

to γ, then the new number of elements, Enew, after optimisation can be estimated using

Enew =

∑Eold

e=1 Ṽe

γ
(2.15)

where Eold is the number of elements in the original mesh. If Enew ≥ θEmax then a new

scaled metric is formed, Mnew(Ω) = βM(Ω), for some scalar β to be determined. The

use of the scalar θ is a consequence of the fact that (2.15) is inexact — however a value

of 0.85 has been found to be reliable. When rescaling, the required number of elements

is Emax, and the following relation can be formed using (2.3):

θEmax =

∑
e(det(βMe))

1/2Ve

γ
=
β3/2

∑
e(det(Me))

1/2Ve

γ
, (2.16)

giving the result

β =

(
γθEmax∑

e(det(Me))1/2Ve

)2/3

. (2.17)
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2.5 Mesh Adaptations

For a given error metric and objective function, the tetrahedral mesh is adapted through a

combination of:

• node insertion/deletion via edge splitting and collapsing,

• face-to-edge swapping and edge swapping [36],

• Laplacian smoothing (in metric space),

• optimisation based smoothing.

This multi-pronged approach is close to that of Freitag et al. [8] except that the objec-

tive function described above is used rather than purely Euclidean measures of element

quality.

2.5.1 Edge splitting and collapsing

Edge splitting is a relatively straightforward method for node insertion whereby an edge

is split, inserting a node at the mid-point, and bisecting each of the elements surrounding

the edge. Edge collapsing on the other hand is a method of node deletion, coarsening the

of mesh. This operation collapses the two nodes in an edge to a point in the centre and

deletes all the elements that contained that edge. It is noted that one could attempt to find

an optimal point along an edge for either splitting or collapsing, however, in practice it is

more convenient to allow the r-method (smoothing) sweep to perform this optimisation.

In the event that just one of the nodes resides on a surface, the nodes are collapsed to

that node. However, care must be taken when both edge nodes reside on a surface. To

facilitate discussion, four different nodes are defined based on their position relative to a

surface (see Figure 2.3): internal, any node that lies inside a surface; planar, a surface

node where all surface triangles that surround that node are co-planar; edge, any surface

node surrounded by surface triangles that lie on just two different planes; corner, any

surface node surrounded by surface triangles that lie on three or more different planes.
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Edge type action
corner, corner do nothing
corner, edge collapse to corner
corner, internal collapse to corner
corner, planar collapse to corner node
edge, edge collapse to mid-point only if nodes lie

on the same plane, otherwise do nothing
edge, internal collapse to edge
edge, planar collapse to edge
internal, internal collapse to mid-point
internal, planar collapse to surface node
planar, planar collapse to mid-point

Table 2.1: Edge collapsing (apply only to nodes that share a common surface triangle)

Given these different definitions, Table 2.1 summarises the possible configurations and

solutions. Note that when both nodes are on the surface, it is also necessary that the

nodes share a common surface triangle to be considered for collapsing.

2.5.2 Edge swapping and face-to-edge swapping

Face-to-edge swapping can be applied to two tetrahedra that share a common face only if

their combined interior is convex. The operation is achieved by inserting an edge between

the two nodes that are not shared, removing the shared face and forming three new tetra-

hedra around the new edge. This operation is illustrated in Figure 2.4. A special case of

this exists when two faces connected by an edge are co-planar (the combined tetrahedra

form a pyramid and the base of the pyramid is on a plane). In this case the edge can still

be swapped but the third, flat, tetrahedron is never formed.

In general, an edge of a mesh can be removed and the surrounding N elements replaced

by 2N − 4 elements. The first obvious example of this is the inverse of the previous

face-edge transformation where three tetrahedra surrounding an edge are replaced with

two elements. While Freitag et al. [8] established that transformations involving N > 7

were rare, the only configurations used in this implementation involve N = 3, 4.
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Edge node
Plane node
Corner node

Plane 1

Plane 3

Plane 2
Y

Z

X

Figure 2.3: Nodes on the surface mesh can be divided into three categories based on
local information about connected planes. X , Y and Z are three orthogonal axis and the
triangles drawn are on planes drawn between these axis.

2.5.3 Smoothing

The basic smoothing algorithm is a smart Laplacian smoothing in the metric spaceMMM(Ω).

That is to say that the mesh is smoothed by minimising the function:

Ei =
∑
l∈L

r2
l (2.18)

where L is the set of edges connected to node i and rl is given by (A.1). This Laplacian

smoothing differs from the traditional approach in that lengths are evaluated in a metric

space rather than using Euclidean distances. (2.18) is minimized using a steepest descent

algorithm with under relaxation. Before a new node position is accepted checks are made
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Figure 2.4: Transformation from a pair of elements sharing a single face to three elements
surrounding an edge.
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to ensure that elements are not inverted by the repositioning. While this algorithm is com-

monly used and straightforward to implement, Laplacian smoothing has no mechanism

to guarantee improvements in element quality.

An optimisation based mesh smoothening method was also proposed by Freitag et al. [8].

This approach optimises the position of each node by seeking to maximise the quality of

the worst element connected to the node as measured by some objective function which

would be (2.2) for the method presented here. This approach is very attractive as it directly

attempts to improve the quality of mesh elements. While it is a more expensive algorithm

its contribution to mesh quality justifies its use.

2.6 Surface geometry constraints

A problem with the mesh optimisation method as described is that it is necessary to

change the surface mesh as part of the adaptation process. When this is done it is neces-

sary to be able to classify the nodes as done in Section 2.5.1. However, an issue arises

with smoothly curving surfaces where adjacent triangles may be co-planar to within float-

ing point accuracy. Thus, triangles can be classified as being co-planar. Over the course

of a simulation this can lead to significant “erosion” of the original geometry. A simple

solution for many industrial problems is to store the parametric surfaces associated with

the simulation. Nodes on the surface are then always mapped back onto that parametric

description of the surface whenever an adaptation occurs on the surface. However, this

approach can give rise to problems with conservation of mass and other quantities for

some sensitive applications such as nuclear criticality simulations. Other applications,

ocean modelling for example, have no such parametric description and the discrete repre-

sentation is usually used.

The approach adopted involves colouring triangles on the original surface representation

so that adjacent triangular elements that are co-linear have the same colour. This initial

colouring is maintained throughout the simulation to ensure geometry information is not

“eroded”. This colouring is then used to identify planes as required in Section 2.5.1 or
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for moving nodes on a surface. To automate this colouring a region-growing algorithm

is employed here. This starts by forming a triangle adjacency list of surface elements

(triangles are said to be adjacent if they share a common edge). Two empty lists are then

initialised, the active-list and the new list. An element is selected from the adjacency list,

coloured, added to the active list and its normal computed. This will be the reference-

element for this region. For each element in the active-list, adjacent elements that have

not already been coloured are visited and their normals computed. If the normal is equal

to the reference-element’s normal to within a specified tolerance then the element under

consideration is given the same colour and appended to the new-list. When the end of the

active list has been reached, the active list is replaced with new-list, new-list is cleared

and the sweep through adjacent elements is repeated. Both lists become empty when the

region has spread out over a patch of the surface which is co-planar to within the specified

tolerance. At this point the colour is incremented and the region growing algorithm is

initialised with a new element which has not already been coloured.

The final step in the colouring is to take into account any applied boundary conditions.

Different boundary conditions may be applied to different parts of the same continuous

co-planar patch. Such patches are recoloured so that only regions that have the same

boundary condition applied have the same colour. This avoids “blurring” of the boundary

conditions.

2.7 Adaptive time stepping

The use of mesh optimisation methods makes it more difficult to choose a reasonable time

step to use for a given simulation. Because of the potentially highly anisotropic nature of

elements aligned with the flow, a simple estimate of the required time-step based on the

minimum allowed element size and the maximum expected velocity will generally under-

estimate the maximum allowed time step, thus decreasing the computational efficiency.

To overcome this problem, the maximum allowed time-step is continuously recalculated

as the simulation progresses. This is done by evaluating the maximum allowed time-step

allowed at each quadrature point in the mesh and the minimum of these time steps is
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chosen.

The length scale across the element, e, at quadrature point, i, in the direction of the

velocity at that point, uuuei
, is given by:

hei
=
|uuuei
|

|JJJ−1
e uuuei

|
, (2.19)

where JJJ is the Jacobian matrix:

JJJ =
∂(x, y, z)

∂(ξ, η, µ)
=


∂x
∂ξ

∂y
∂ξ

∂z
∂ξ

∂x
∂η

∂y
∂η

∂z
∂η

∂x
∂µ

∂y
∂µ

∂z
∂µ

 , (2.20)

JJJ−1 =
∂(ξ, η, µ)

∂(x, y, z)
. (2.21)

The maximum time step at a quadrature point i is then calculated from the CFL condition

[51]:

∆tei
= α

hei

|uuuei
|
, (2.22)

where α is the maximum Courant Number allowed by the solver being used. The time

step can then defined to be:

∆t∗ = min
e,i

∆tei
. (2.23)

There are two limiting cases that should be considered. The first is the case where the

system starts from rest, resulting in ∆tei
=∞,∀i, e. To compensate for this the time step

used is the minimum value of two values: ∆t∗ (as evaluated in (2.23)) and β∆t−, where

∆t− is the previous time step used and β is the maximum factor it can scaled to (β = 1.1
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is used here). Thus,

∆t = min
e,i

∆t∗, β∆t−. (2.24)

The second limiting case is when the length scales get very small or the velocities get

very large. However, this generally arises with numerical instability and thus cannot be

corrected without user intervention.

Figure 2.5, from the example detailed in Section 6.2, shows an example of how ∆t varied

with time in for a simple flow past a cylinder problem.
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Figure 2.5: Graph shows how the maximum allowed time step varies with respect to
time for a simple flow past a cylinder problem when mesh adaptivity is used. The large
values for dt at the start of the simulation are mainly due to the fact that the initial mesh
resolution is large and the velocities are small.

While this approach was developed for use with implicit methods, it can easily be modi-

fied so that spatially-dependent time steps are used, based on the CFL stability condition
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for explicit time integration in a fashion akin to Flaherty et al [52]. In such an approach

the synchronisation goal time (to which the solution is advanced) is usually some small

multiple of the smallest time step (2.24). Note however that if this is done the compu-

tational load also becomes spatially-dependent (some function of the time stepping) and

this needs to be taken into account when load-balancing parallel computation.

2.8 Conclusion

The method presented has been applied by AMCG (e.g. [3, 53, 4, 54, 55]) to a wide

range of CFD and radiation transport problems with great success over the last few years.

However the field of mesh optimisation and error control is still a very active area of

research.

The problem of optimal error control in unstructured meshes can be viewed as a process

whereby a measure of error is used to define some space, using a metric tensor, where

an isotropic tetrahedral element with edge lengths of unity has a maximum specified in-

terpolation error [9]. As the metric tensor may in general be anisotropic, so too will be

the tetrahedral elements when mapped back to the original space. The basic approach is

quite flexible and the literature suggests many ways in which the method could be im-

proved further. For example D’Azevedo and Simpson suggest that rather than using the

Hessian for the basis of the metric tensor, the square of the Hessian might be used to

limit the maximum gradient error rather than the maximum interpolation error [10, 9]. A

posteriori error measures, such as sensitivity based measures, are potentially much more

powerful for use with mesh optimisation as they into account the physics of the problem,

however they are much more challenging to compute (e.g. [5]).

The form of the objective function is also another point of interest, the use of edge lengths

and maximisation of in-sphere radius used in this work is only one in a number of pos-

sibilities. The work of Freitag [56] and Knupp [44], who also gives a review of different

objective functions in use, is particularly interesting in its use of the Jacobian. However

the emphasis in the afore mentioned approaches is on generating high quality meshes
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without considering the solution and thus meshes tend to be isotropic. One interesting

line of investigation would be to re-apply these objective functions, which have been

found to be very efficient in Euclidean space, in metric space where isotropic meshes are

also sought.

However, for mesh optimisation methods to be of practical use to most applications in-

volved in modelling complex systems, parallel computing is required. While some mesh

transformations, such as mesh smoothing, lend themselves to well-known parallel algo-

rithms such as colouring [48, 57] other mesh transformations are much more problematic.

It is to this problem that is investigated in the next chapter.
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Mesh optimisation is fundamental to computational efficiency. Mesh optimisation aims

to achieve a specified error throughout the computational domain. This level of control

over errors in the solutions allows one to resolve features that might have otherwise been

impractical to compute using a static mesh. However, regardless of gains in computational

efficiency and processor speed, there is always going to be a need for parallel computing

where a solution cannot be obtained within a reasonable timescale on a serial computer

and/or where there is a limit on local resources such as memory. Essentially the limitation

to serial processing constitutes a computational bottleneck.

The aim here is to parallelise the mesh optimisation method, as described in Chapter 2,

so that it may be used with standard DDM methods (e.g. [58]), on distributed mem-

ory parallel computers. The parallelisation of the method is vital for it to be applied to

large scale complex problems. There are however significant challenges associated with

parallel mesh optimisation. These include:

• the adaptation of elements on the interface between sub-domains,

• maintaining the load-balance across sub-domains as the number and distribution of

mesh elements and nodes varies.

Generally, an adaptation involves a change in the local mesh configuration. If any mesh

entity is to be adapted then all domains that contain information specific to that entity

must be updated. The very nature of the mesh optimisation method used precludes the in-

dependent prediction on different processors (throughout this text a processor is assumed

to operate on a single partition of the domain) of the local connectivity of the final mesh.

This poses a problem for the modification of mesh entities at the mesh interface between

sub-domains (see Figure 3.2). Local changes to the mesh connectivity are aimed at im-

proving the worst local element and may require modifications to neighbouring entities,

which may already be considered optimal. Much of this neighbourhood information will

generally be unavailable to elements on sub-domain interfaces. Jones et al. [47] and

Freitag et al. [48, 49] describe a sophisticated method, principally based on maximum in-

dependent sets, whereby the additional information required by a processor to adapt mesh
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entities on the sub-domain interface would be provided by the affected processors, while

preventing other processors from performing operations on this region in the other sub-

domains. One concern regarding the adoption of this method was that it would require

a significant rewrite of the existing serial mesh adaptivity code. More importantly, such

a method necessitates a high number of small messages between processors (synchroni-

sations in particular), which incur a relatively high communication cost due to network

latency and synchronisations. This is compounded by the fact that the target architectures

are distributed memory parallel computers. These facts motivated the development of an

alternative solution.

A reasonable estimate of the relative computational load on a processor can be obtained

from the number of nodes assigned to the partition on that processor. At the outset of

the parallel simulation, graph partitioning is used to define a domain decomposition that

balances the number of nodes per processor and thus provides an even distribution of

work throughout the processors. However, mesh optimisation operations such as edge-

collapsing (node deletion) and edge-splitting (node insertion) disrupts this balance. The

induced load-imbalance can range from just a few percent to many orders of magnitude in

difference. Because of this, graph repartitioning and data migration (i.e. the redistribution

of mesh entities across processors in order to satisfy a new graph partitioning) are key

components for parallel mesh optimisation.

While the aim here is not to perform an earnest comparison, it is interesting to note some

of the different requirements of parallel mesh adaptivity for optimisation based methods

(e.g. Oliker et al. [34]) and hierarchical based methods (e.g. Jimack et al. [32]). In one

sense hierarchical based methods are the more straightforward of the two to parallelise

efficiently. The error metric dictates the level of the element hierarchy that each ele-

ment must be refined or coarsened to. This can be determined for sub-domain interface

elements in parallel with no communication — though further communication may be

required to communicate new edge refinements required to form a conformal mesh when

green elements are refined, as described in Chapter 1. This is contrasted with the methods

required for maintaining mesh conformity in optimisation based methods (see Chapter

1 and Freitag et al. [49]). However, the advantage of maintaining a complete element

hierarchy leads to a complication when load-balancing. The graph partitioning usually
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operates on the coarsest level of the graph to avoid the complication of distributing the

element hierarchy. The fact that each element of the coarsest mesh represents, potentially,

a large work unit which varies between elements can make a good load-balance difficult

to achieve. There is also the added cost of migrating these complicated data structures

when load-balancing. Naturally, there are many other pros and cons with using the re-

spective methods, but the author is not aware of any study into the relative merits of the

different approaches (such a study is well outside the scope of this work) though such a

study would be very interesting, particularly for deciding the direction to take for future

polyhedral mesh adaptivity development.

The parallel strategy presented here addresses the issues of load-imbalances and the dif-

ficulty in adapting elements at the interface between sub-domains simultaneously in a

conceptually straightforward, yet efficient, manner. Firstly, the serial mesh optimisation

method is applied to each sub-domain independently but disallowing any modification to

be made to the sub-domain interfaces. Secondly, load-imbalances will occur because of

local refinement and coarsening and so a graph repartitioning is required to re-balance

the number of mesh nodes per domain. Later it will be shown how (2.15) can be used

to derive a node-wise measure of the relative node distribution after mesh optimisation.

This relative measure is used to define node weights on the mesh before graph parti-

tioning, thus load-balance can be obtained before the mesh optimisation operation has

completed. In addition to this, weights are applied to the graph edges such that edges

associated with poor elements have high weights and are therefore less likely to be split

by a partition. This choice of edge weight, when used with diffusive repartitioning meth-

ods, has the effect of perturbing partitions away from elements that require optimisation

while still load-balancing. Mesh adaptivity is then reapplied to the mesh to address any

sub-optimal elements. The procedure is then reapplied if necessary (see Figures 3.1 and

3.5). Because a repartitioning is required to address the load-imbalance caused by mesh

adaptivity, the computational cost of this graph partition perturbation and data migration

overlaps with the requirements of parallel mesh optimisation. A work flow of the proce-

dure is illustrated in Figure 3.1. Note that this approach to dynamic load-balancing is in

contrast to the approach of Oliker et al. where the cost of data migration for a given new

graph partitioning is weighed against the computational cost saved if the load-balancing
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Figure 3.1: Work-flow of parallel mesh optimisation

is performed [34]. However, as will be shown in Chapter 6, the cost of data migration is

low when compared to the cost of the solver stage, so the penalty associated with forcing

a data migration step will not generally be significant.

The remainder of the chapter is outlined as follows. First the key concepts and operations

are introduced. This will provide the basic building blocks required for parallel mesh

optimisation and data migration. Next the procedure for graph repartitioning is described.

Particular attention is given to the application of suitable node and edge weights. The

method developed for data migration is then described in detail. Finally, it is shown how

all the components are brought together to perform parallel mesh optimisation.
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Figure 3.2: Section of the computational mesh: the dashed line indicates the edges cut
by the graph partitioning, the yellow region indicates the shared elements (Halo-I ele-
ments) and the blue region indicates the extended halo required for the pressure calcula-
tion (Halo-II). Thus, the domain on the right includes all clear elements on the right plus
all of the coloured region. Similarly for the left domain.

3.1 Building blocks

The purpose of this section is to introduce the basic concepts and algorithms required to

develop the data migration and parallel mesh optimisation algorithms in this chapter. All

algorithms are presented and implemented in the spirit of SIMD (also known as SPMD),

thus should be read as being executed by each processor on their respective sub-domains.

3.1.1 Adjacency lists

Adjacency lists define the connectivity between mesh entities: elements, faces, edges and

nodes. When using FEM/FVM the most commonly stored adjacency list is the element-

node adjacency list, ENList, which for each element in the mesh gives the list of nodes

that define that element. As with many examples of adjacency lists, the order of entries

in the element-node is important as it defines the orientation of an element. The terms
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elements and nodes used unqualified are taken to refer respectively to a list of all the

mesh elements and nodes in a single sub-domain.

A graph derived from a mesh is defined as the node-node adjacency list, NNList, where

node is synonymous with mesh vertex in this context. This is essentially the list of mesh

edges that are attached to each node. Its construction is detailed in Algorithm 3.1.1.

Algorithm 3.1.1: CREATE NNLIST(ENList)

NNList← ()

for i← 1 to |elements|

do



for j ← 1 to |ENListi|

do



n = ENListij

for k ← 1 to |ENListi|

do

if j 6= k

then
{
NNListn ← ENListik

return (NNList)

Algorithm 3.1.2: CREATE NELIST(ENList)

NEList← ()

for i← 1 to |elements|

do


for j ← 1 to |ENListi|

do

n = ENListij

NEListn ← i

return (NEList)
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Algorithm 3.1.3: CREATE EGELIST(NNList,NEList)

comment: Note that edges do not have orientation

EgEList← ()

for i← 1 to |nodes| − 1

do

for j ← 1 to |NNListi|

do
{
EgEListi ← {NEListi ∩NEListj}

return (EgEList)

Algorithm 3.1.4: CREATE EELIST(ENList,NEList)

comment:



The ordering of elements in EEListi follows the

convention that the jth element in EEListi is

opposite node ENListij . If no such element exists

then EEListij = 0

EEList← ()

for i← 1 to |elements|

do



for j ← 1 to 4

do



facet← ()

for k ← 0 to 2

do
{
facet← ENListi[((j + k) mod 4) + 1]

EEListi,j ←
⋂

i=1,3NEListfaceti

return (EEList)

The remaining adjacency lists that are important here are the node-element adjacency list,

NEList (see Algorithm 3.1.2), the edge-element adjacency list, EgEList (see Algorithm

3.1.3), and the element-element adjacency list, EEList (see Algorithm 3.1.4). Note that

there are a number of different ways that EEList can be defined. Here elements are defined
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Figure 3.3: Section of the computational mesh: the dashed line indicates the graph parti-
tioning, the yellow region indicates the shared elements. The large font numbering indi-
cates the node numbering over the whole domain. The superscript indicates the node num-
bering on sub-domain 1 and the subscript indicates the node numbering on sub-domain
2.

to be adjacent only if they share an element face. It is important to note the ordering of

the elements in the EEList — the ith element in the list is always opposite the ith node in

the element. This is useful when local vicinity searching is employed.

3.1.2 Node numbering

For clarity three different node numberings are defined: the local node number (LNN)

refers to the local node numbering on an element (for a linear tetrahedron LNN ∈
{1, 2, 3, 4}); the global node number (GNN) identifies the ith node on a sub-domain;

and the universal node number (UNN) identifies the ith node in the complete computa-

tional domain, (see Figure 3.3). In general, when inter-partition operations are performed

on the mesh UNN is used in the adjacency lists (e.g. parallel graph repartitioning).

The pathetic fallacy 1 notwithstanding, it is advantageous to ascribe the notion of own-

ership of mesh entities to processors or domains. Assuming that nodes have been parti-

tioned among processors, a node is said to be owned by a processor if it is in the partition

1The mistake of ascribing human attributes to objects
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assigned to that processor. The owner of an element is defined to be the minimum node

owner, MNO, within that element where processors are enumerated via their MPI rank

number, see Algorithm 3.1.5.

Algorithm 3.1.5: GET MNO(element)

MNO ← node owner(element1)

for j ← 2 to |element|

do
{
MNO ← min(MNO,node owner(elementj))

return (MNO)

3.1.3 Halo nodes

Halo nodes are mesh nodes that lie on the interface, or overlap region, between sub-

domains (e.g. the yellow region in Figure 3.3). There are two classes of halo nodes: those

that are owned by the local processors and are also part of a different sub-domain; and

those that are owned by a processor other than the local processor and are also part of the

local sub-domain. For the purpose of the discussion here, nodes that are owned by proces-

sors other than the local processors can be considered to be equivalent to Dirichlet bound-

ary conditions on the sub-domain. As the equations of the system are being solved these

values need to be updated regularly. These nodes are denoted RRR = (RRR1, ...,RRRp, ...,RRRP ),

whereRRRp denotes the nodes owned by processor p of P which the local processor receives

updates from. Conversely, define SSS = (SSS1, ...,SSSp, ...,SSSP ), where SSSp denotes the nodes

owned by the local processors that need to be sent to processor p when nodal values are

being updated. These lists are constructed in such a way that the nth node in vectorRRRp on

processor q refers to the same node as the nth node in vector SSSq on processor p.
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3.2 Graph partitioning

Parallel mesh optimisation presents two principal issues. The first is the problem of mesh

consistency across processors when optimising elements near or on domain partitions.

For example, if a change is made to an element which lies on the interface between do-

mains, the change must be correctly mirrored throughout all relevant sub-domains. The

second issue is that of a variable load-balance across processors, due to the fact that mesh

adaptivity coarsens and refines the mesh selectively. Such load-imbalances need to be

addressed before solvers are applied if the overall method is to be scalable.

The approach adopted here is to use the mesh adaptivity method described in Chapter

2 without modification and to build the required parallel functionality around the serial

mesh optimisation method. In this approach the shared elements (yellow elements in

Figure 3.2) are first locked so that they are in no way modified during the serial mesh

optimisation, thus guaranteeing mesh consistency across sub-domains. Each processor

then optimises the mesh internal to its associated sub-domain. At this stage all mesh

optimisation operations are independent and as a consequence there is no interproces-

sor communication and the mesh remains fully conforming throughout all the domains.

However, due to the fact that the shared elements were locked in place during the adaptive

process, there may well exist elements whose quality lies outside the accepted tolerance.

In addition to this, the mesh optimisation procedure generally introduces a node imbal-

ance, and therefore a load-imbalance, across sub-domains. Both of these issues may be

addressed simultaneously by perturbing the graph-partition in such as way as to move the

graph-partition away from regions of the mesh which require modification while at the

same time seeking to balance the final number of nodes per partition. This approach is

successful because the amount of data that needs to be migrated, and the frequency of

migration, are low.
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3.2.1 Edge and node weights

A suitable perturbation of the graph partition is achieved through the application of edge

weights to the graph. Simply applying high edge weights to regions which were previ-

ously locked (because of a graph partition) can encourage unnecessary mesh migration

between processors as not all regions which were previously locked are in need of opti-

misation. The edge weights are derived by first defining the function Fl:

Fl = max
e|{l∈e}

Fe, (3.1)

where Fe ∈ <, is defined in (2.2). As high values of Fl identify regions of poor mesh

quality, high edge weight values are applied to discourage the graph partition cutting

these edges. When the graph partitioning calculates the edge cut (one of the metrics to be

minimised by the graph partition) of a graph partition it sums the edge weights rather than

counting the number of edges cut by the partition. However, Fl is a real value, whereas

in many implementations of graph partitioning the weights are integer (i.e. multiples

of one edge cut) due to the nature of the Kernighan-Lin type refinement algorithm used

within ParMetis and many other k-way multilevel graph partitioners, e.g. [59, 60, 61, 62].

For this reason the real edge weights need to be remapped to integer values, and must

be suitably distributed so as to ensure that poor elements are effectively impenetrable by

the new partitioning (for an element to be cut so too must at least 3 of its edges). The

remapping of Fl, to edge weight, Wl used in this work can be written as:

Wl =

max(1, bFl/Fc + 1
2
c)

∞ if Wl > W90%

(3.2)

where Fc is the objective function tolerance value under which the element is deemed

acceptable by the mesh optimisation and W90% is the 90th edge weight percentile (i.e.

90% of the edge weights fall below this value). This function has the effect of setting
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edge weights to be multiples of Fc. As a precaution the top 10% worst edges are given an

infinite weighting (in this context the total number of edges in the mesh suffices as a value

for infinity) thereby making them unpartitionable. On occasion this may lead to a poor

partitioning, usually in the form of sub-domain fragmentation. However, this problem

also occurs with the application of diffusive repartitioning techniques and therefore a new

repartitioning using an alternative graph repartitioning method (see Section 3.2.2) is peri-

odically required to resolve this problem. Alternative remappings might include mapping

the values to a steeper linear function or some more rapidly increasing polynomial, or

exponential, however (3.2) appears to work well. It is clear that edges that are surrounded

by elements close to optimal are given a weighting of unity and thus unnecessary pertur-

bations to the graph-repartitioning, and therefore data-migration, are minimised. Future

improvements to this approach might be to also include information about solution sensi-

tivity or element condition number which may point to regions of the domain that might

exhibit slow solver convergence behaviour which would degrade further if partitioned.

While the graph-partitioning is being biased to avoid regions which require further op-

timisation, it must be kept in mind that a good load-balance is also sought. As mesh

optimisation may be incomplete when the graph-partitioning is first performed it is im-

portant to be able to estimate the post-adaptation node density. The formulation of the

mesh optimisation method makes it straightforward to estimate the local increase or de-

crease in element density. However, the predicted number of nodes after optimisation is

not as readily available. This issue can be resolved by first realising that what is important

for load-balancing is the relative weight of nodes with respect to each other. Secondly,

a linear relationship between the local number of elements and the number of nodes in

the vicinity of a vertex can be assumed. From (2.15) the new number of elements after

optimisation in place of a given element can be approximated as

αe = Ṽe/γ.

To get a nodal variation of this quantity an alternative expression for the number of new
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elements per old element is defined,

α′e =
n∑

j=0

Njgj,

whereNj is the linear finite element basis function associated with node j, ggg = (g1, ..., gj, ...gn)T

is the fractional change of element number at the vertices. g is solved for using a Galerkin

projection:

∫
Ω

Ni(α
′
e − αe)dV =

∫
Ω

Ni(
n∑

j=0

Njgj − Ṽe/γ)dV = 0,∀i = 1, ..., n,

n∑
i=0

∫
Ω

NiNjdV gj =

∫
Ω

NiṼe/γdV,∀i = 1, ..., n, (3.3)

where Ω is the whole domain. This forms a set of linear equations MMMggg = bbb, where

Mij =
∫

Ω
NiNjdV and bi =

∫
Ω
NiṼe/γdV,∀i = 1, ..., n. A satisfactory result can be

found by lumping the mass matrixMMM :

gi =
b̃i∑n

i=0Mij

. (3.4)

As was the case with edge weights, the change in the number of elements in the vicinity of

vertex v, gv, must be remapped to be an integer to obtain a vertex weight, wv. A mapping

that works well is:

wv = b100
gv

‖ggg‖∞
c (3.5)

This allows a nodal weighting to be applied to the computational mesh so that a graph

partitioner can compute a partition balancing the predicted number of nodes rather than

the current number of nodes per partition.



3.2 Graph partitioning 68

3.2.2 K-Way multilevel graph partitioning

The graph partitioning problem involves the division of a graph, G = (V,E), into N par-

titions, G1, ..., GN , such that there are approximately the same number of vertices, |Vp|,
per partition and the number of graph edges, |Ecut|, cut by the partitioning is minimised.

When edge and vertex weights are introduced the problem can be restated in terms of

balancing the weight of nodes and minimising the weight of edges cut. Although this

problem is in general NP-complete [63], many methods have been developed to find good

quality solutions to the problem. Multilevel graph partitioning methods, first applied by

[60], have proved to be a popular and effective approach to solving this problem. In

the multilevel approach the graph is coarsened to generate a hierarchy of progressively

coarser graphs. At the coarsest level the graph can be readily partitioned using for exam-

ple the greedy graph growing algorithm [61]. Subsequently the partitioning is projected

back up through the graphs in the hierarchy. Each time the partition is projected back

the partitioning is locally refined at the partition interfaces. Exactly how these optimisa-

tions are performed is often the principal difference between different multilevel graph

partitioning methods. Examples of a few refinement approaches are: artificial neural net-

works, [64]; Kernighan-Lin type methods, [59, 60, 61, 62]; evolutionary algorithms, [65].

For the work presented here the publicly available code ParMetis [66] is employed which

implements a multilevel graph partitioner that can also be used to repartition meshes in

parallel (see [67, 68, 69]). It should be noted however that there are important caveats

associated with applying standard graph partitioning methods to partitioning domains for

DDM with FEM/FVM, see Hendrickson [70]. For example: minimising the edge-cut is

not the same as minimising the communication; parallel computation is limited by the

speed of the slowest process — thus it is the maximum number of edges in an inter-

face that should be minimised rather than the total edge-count; latency is not considered

therefore the number of interfaces is not considered. However these shortcomings are not

thought detrimental to FEM applications, [70], and so will not be considered further here.

For the work presented here, the publicly available graph partitioner ParMetis Version

2.0 [66] was used. This uses a fast k-way, multilevel based method which provides a se-

lection of graph-partitioning strategies while allowing the application of weights on both
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the edges and vertices of the graph. The three principal parallel repartitioning methods

relevant to the discussion here are scratch, scratch-remapping and diffusion. In the first

approach a new partitioning is calculated in parallel from scratch using multilevel graph

partitioning methods. The resulting graph partition has little dependence on the initial

graph partitioning. While this approach gives good quality load-balance and edge-cut it

generally leads to significant data migration. Scratch-remapping curtails this problem by

remapping the partitioning obtained from scratch onto the original, maximising overlap

between partitions and thus minimising the data migration. The amount of data migration

can be further reduced using the diffusion method. While this method is fast and results

in the least data migration, the method tends to give a higher edge-cut [71, 69]. Indeed

it was observed that the partitions can become fragmented after repeated repartitioning

using diffusion. The strategy is to apply diffusion by default to minimise data migration

and to apply scratch-remap periodically to remove any islands that might occur (every

fourth repartitioning in the case of this work).

3.3 Data migration

For parallel computation, where the connectivity of the mesh is subject to change, a basic

operation that becomes necessary is the ability to migrate subsections of the computa-

tional mesh between processors. Data migration (or data remapping) is required to sat-

isfy a graph repartitioning calculated in response to a load-imbalance across processors.

The graph repartitioning is expressed as a redistribution of mesh nodes, DDD = (dn), n =

1, ..., N , where dn = p specifies the new processor, p, that node n is assigned to. This is

a non-trivial operation where an arbitrary node redistribution must be satisfied to main-

tain consistency across sub-domains and avoiding unnecessary duplication of data. Data

migration may be required regularly and may involve a large volume of data, therefore

scalability and speed are of utmost importance. In the work presented here, data migra-

tion is tightly coupled with the mesh optimisation process. This is in contrast to other

implementations found in the literature where the mesh optimisation procedure is fully

parallelised and migration is purely used for load-balancing (e.g. [72], [32], [33]). In

addition, the data structures associated with the mesh in the optimisation approach are in
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general much less complex than those associated with hierarchical based methods due to

the fact that there is no mesh hierarchy. This means that the cost of data remapping can

potentially be much less than in the hierarchical based methods. However, while the cost

associated with data migration might be reduced, it may be that the cost on the solver side

is much higher due to the cost of initialising a multi-grid preconditioner if so required for

the problem at hand.

Note that mapping everything back to a single processor, as an intermediate step in migra-

tion, is not an option because it introduces a serious serial bottle-neck. A single processor

may not even have enough memory available to store the complete mesh. Another op-

tion is to allow each processor to broadcast its share of the mesh, along with the new

decomposition information, to all processors thus allowing each processor to keep what

information it requires. This approach is also flawed as there is a high level of redundancy

and poor scalability. The aim is to communicate the minimum set of information and to

minimise the overall cost of data migration.

The migration routine was designed and coded in an object oriented manner using C++.

One of the reasons that C++ was chosen was so that the rich variety of containers from the

Standard Template Library [73] could be exploited, particularly for sorting data. As will

be seen later in this chapter, efficient sorting and indexing are central to the development

of the data migration algorithm.

3.3.1 Data-structures

An overview of the class structure used here is shown in Figure 3.3.1. The node and

element containers inherit the STL deque class [73]. This kind of a container is quick to

resize because it does not require continuous memory unlike the STL vector class. The

gather/scatter maps are stored in a sorted set of nodes per processor. By using universal

node numbering it is clear that the order of halo nodes in these sets will be consistent

throughout the domain, thus maintaining data consistency.

The first operation carried out is to import the mesh and associated data from the relatively
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Figure 3.4: An overview of the class structure used in SAM

flat data-structures used by the solver to a more flexible data-structure that allows simple

manipulation. Any additional mesh information associated with other discretisations,

such as those used in mixed formulations, is discarded at this point. This issue is dealt

with in detail in Chapter 4.



3.3 Data migration 72

3.3.2 Collating existing partitioning with new partitioning

Given the new graph partition, DDD, the first step is to determine the minimum set of data

that needs to be communicated in order to satisfy the new mapping. By doing this, inter-

processor communication is minimised and no checks need to be done to check for the

duplication of mesh objects. We start by considering each element, e, in the domain’s

mesh. Two logical arrays,AAA andBBB, of length P are defined as:

Ap =

 true if ∃ n ∈ e where n is owned by p,

false otherwise

Bp =

 true if ∃ n ∈ e where Dn ≡ p,

false otherwise

This element is then flagged if it is required on this processor under the new partitioning

(i.e. if Bp). Next it is determined which processor is the owner of e. The owner of e can

be uniquely defined as the minimum node owner of e. If the current processor is the owner

of e, then e is listed to be sent to each processor where (¬Ap)∧Bp. Now the nodes on the

element are checked. If element e has been flagged as a future element then each node in

e is flagged as a future node, thus new halo nodes as well as new owned nodes are flagged

to be kept. For a node in e to be listed to be sent to a processor p it first must be owned by

the current processor and secondly (¬Ap) ∧ Bp must be true. It should be apparent that

each node will be considered multiple times as it is referenced by different elements. To

implement this the STL sorted set container is used as it allows quick insertion of objects

while excluding duplicates.

Define a meshMwhich has been divided into P sub-domains such thatM =M1∪M2∪
...MP . In the context of repartitioning this can be rewritten asM =M∗

1 ∪M∗
2 ∪ ...M∗

P

whereM∗
p denotes the new sub-domain assigned to processor p. In both of these cases

the sub-domain includes the nodes and elements in the halo region. The notation Mp′

will be used to indicate the sub-domainMp excluding the halo elements and those nodes

not owned by processor p. In addition p = l denotes the local processor/domain.
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Algorithm 3.3.1: CREATE DATA TO PROCESSORS(mesh)

Initialise nodes to processorsnodes to processorsnodes to processors

Initialise elements to processorselements to processorselements to processors

for e← 1 to |elements|

do



comment:



Establish nodes that need to be sent to processors.

Check if: n is owned by local processor; n is part

of the new sub-domain on p; n is not part of the

current sub-domain on p

for each p ∈ {p|e ∈M∗
p}

do

if (n ∈Ml′) and (n ∈M∗
p) and (n 6∈ Mp)

then
{
nodes to processorsp ← n

if (getMNO(e) ≡ pl) and (e ∈ G∗
p) and (e 6∈ Gp)

then
{
elements to processorsp ← e

return (nodes to processors, elements to processors)

At this point we know exactly the minimum amount of information that has to be sent to

the other processors in order to satisfy the new graph-partitioning.

3.3.3 Packing and communication

After the information that has to be migrated has been identified, P continuous buffers are

allocated. Each buffer is used to pack the sub-mesh that the local processor has to send to

each other processor. Once all necessary information is packed, all mesh information on

the local processor that is no longer required is deleted. It is important that this is done

before initialising communications so as to ensure that the maximum amount of memory

is available for allocation when communication begins and the potentially large receive

buffers are allocated.
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The next stage is to carry out the principal communication of the migration operation.

Because of the scale of the communication its efficiency is important. Already because

all the data has been packed into a single message, bandwidth penalties associated with

small messages are minimised. However, in this case it may be that the length of the

message being sent to a processor is zero, but the communication is still important as it

tells the receiving processor that it is receiving nothing. The communication is efficiently

implemented using non-blocking sends and receives with a preceding blocking probe, Al-

gorithm 3.3.2. First all the non-blocking sends are set up, including those whose message

length is zero. Next the number of processors is looped over, each time executing a block-

ing probe for a communication from any processor. On a successful probe the sending

processor is identified and the size of the message being received from the processor is

read. If the message size if non-zero then a receive buffer is allocated and a non-blocking

receive initialised. After all the receives have been set up, all non-blocking communi-

cations are collected. As this operation is implemented as a function it is necessary to

synchronise processors at the beginning in order to prevent probes collecting communi-

cations from the previous call to this function in cases where processors get chronically

out of time with one another.

Algorithm 3.3.2: ALLSENDRECV(packed data)

for p← 1 to P

do
{
MPI ISend(data = packed data p, destination = p)

for p← 1 to P

do



MPI Probe(MPI ANY SOURCE,MPI ANY TAG)

source← find source()

data size← find data size()

receive buffersource ← allocate receive buffer(data size)

MPI IRecv(data = receive buffersource, source = source)

MPI Waitall()

return ( success )
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3.3.4 Partition reconstruction

At this point, each processor has enough data to construct its new partition complete with

its halo nodes. New element and node lists are constructed in-place, while the halo nodes

are temporarily stored separately so that they can be added to the end of the node list

(a specific requirement of the DDM in the application codes used in this work). Using

UNNs the new halos are easily constructed without further communication. For each

element shared we loop though each node, n, in that element. If that node is owned by

the current processor then every other node in the element owned by processor p, where

p is not the current processor, is inserted into SSSp. On the other hand, if that node is owned

by processor p, where p is not the current processor, then it is inserted into RRRp. Because

SSSp and RRRp are sorted sets, and nodes are referred to by their UNN, then the halo nodes

are consistent across all sub-domains.

At this point the mesh has been fully migrated. All that is left to be done is for any

send/receive buffers to be freed and the new mesh to be exported back to the solver.

3.4 Bringing it all together

After migrating data with respect to the new graph partitioning the serial mesh adaptivity

process can be reapplied if necessary. As only previously locked sub-optimal elements

need now be adapted, the computational cost of the subsequent mesh adaptivity operation

is relatively low. Whilst in general only one cycle of repartitioning, migration and mesh

optimisation is required after the initial serial mesh optimisation, up to three cycles may

be required before all sub-optimal elements can be made unrestricted for optimisation

(see Figure 3.5). The parallel adaptive cycle is terminated when F < Fc across all sub-

domains, or after four migration-adapt cycles, whichever happens first. It is important to

note that because the graph partitioning used node weights based on the predicted number

of nodes after mesh adaptivity, the mesh is now also balanced.
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Figure 3.5: In this 2D repartitioning example it is clear that at most 2 successive data
remappings are required where the sub-optimal restricted region, yellow hatching, first
forms a polyline and then a set of points. In 3D this restricted region would first form a
surface and so at most one extra remapping of data may be necessary.

3.5 Conclusions

This work parallelises the serial mesh optimisation method described by Pain et al. [3].

The approach adopted uses the adaptive mesh serial code without modification and to

wrap around it the required parallel functionality.

Essentially the serial mesh optimisation method is applied simultaneously to each sub-

domain, while locking all elements on partition boundaries. From the mesh optimisation

procedure, a model for the predicted node density after optimising a mesh for a given

metric field is derived. Furthermore an edge-weight is derived from the error metric. It

is shown how the node and edge weights are used to control the graph repartitioning so

that the computational load is balanced across processors after repartitioning and mesh

optimisation, and sub-standard mesh regions are not partitioned, allowing the serial mesh

optimisation to adapt the remaining sub-optimal elements.

It is noted that recently Schloegel et al. [69] proposed the Unified Repartitioning Al-

gorithm (URA) specifically to address the multi-objective nature of repartitioning when

using adaptive mesh methods (implemented in ParMetis 3.1). The URA repartitions a

given graph while minimising the objective function,

Fu = |Ecut|+ α|Vmove|,
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where α is the Relative Cost Factor (RCF, also referred to in the ParMetis manual as

the ITR), Ecut is the edge cut of the partitioning and Vmove is the total amount of node

and element data redistribution required. The RCF describes the relative cost of all the

halo specific interprocessor communication with respect to the cost of data redistribution

associated with a repartitioning. In practice this is estimated using

α =
time to perform all halo communications since last adaptation
time to perform all data redistribution in previous adaptation

.

The first time that parallel mesh adaptation is performed, and the denominator of the

previous expression is not determined, α is assigned a relatively high value (1000 is sug-

gested) thus favouring scratch-remap. This makes sense when one remembers that in

general the initial mesh is generated a priori to the solution and may in general be far

from optimal. Increased levels of mesh adaptation increase the likelihood of severe mesh

imbalance and changes to the edge-cut, therefore a clean repartitioning is desirable. While

this approach is not used in the current implementation of parallel mesh optimisation, its

use will be investigated in the near future and compared with the algorithm presented in

Section 3.2.2.

Examples and analysis of the performance of the algorithm are dealt with in Chapter 5.

As will be highlighted in the examples, a significant omission in the method as a whole

is the lack of a cost model for the serial mesh optimisation algorithm. The lack of such

a model means that the parallel method cannot meaningfully attempt to load-balance the

work required for serial mesh optimisation. It will be shown that this can be problematic

for some problems when there is intense optimisation in just a few localised regions of

the mesh.
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The mesh adaptivity method used in this work is only used with linear tetrahedral ele-

ments. The method could in principle be extended to higher order tetrahedral elements

by extracting a mesh of linear tetrahedra, applying serial mesh adaptivity to this mesh,

re-inserting the higher order nodes and finally interpolating values from the original mesh

to the optimised mesh. However, while these steps are straightforward to implement, fur-

ther work would be required to form a new error metric as the linear interpolation theory

presented in Sections 1.2 and 2.4 does not strictly suffice for higher order elements. For

this reason the discussion on data remapping in Chapter 3 focused on linear tetrahedral

elements when the mesh halo was reconstructed. However, additional tetrahedral based

discretisations can still be used. A simple example of these is the mixed formulation

method used by FLUIDITY [74] when solving for velocities and pressure in the Navier-

78
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Stokes equations. Calculating the FEM mass matrix (each row, corresponding to a node

on a mesh) will require not only all information in elements that contain that node, but

also information from elements adjacent to these elements. In parallel this means that

an extended halo is required, as illustrated in Figure 3.2. Other examples of this are the

two geostrophic pressure solvers used by ICOM. The first of these solvers uses quadratic

tetrahedral elements. Quadratic tetrahedra have nodes at the tetrahedral vertices and at the

centre of the tetrahedral edges (see Figure 4.4). The second method uses discontinuous

linear tetrahedral elements, where at each vertex of the mesh there are as many solution

nodes as there are elements attached to the vertex. The existence of solution methods that

have their own discretisation requirements, that may not even be persistent throughout the

solution process, suggests that a flexible approach to constructing and maintaining halos

is required. For example, if the particular element discretisation is local to a subroutine

and its children, then the cost of reconstructing the halo each time the subroutine is called

may be significant when in fact it only needs to be reconstructed after mesh adaptivity.

One solution is to pass references to the temporary meshes and associated halo through

all the subroutines effected. However, this is not desirable for several reasons. First it

involves editing a great many subroutine interfaces each time a new discretisation and

associated halo are required by a new solver. Secondly, it increases further the size of

subroutine interfaces that are already large and complex. To resolve this issue this chap-

ter describes a module that: stores an arbitrary number of halos in a database; provides a

flexible interface for updating halos of solution fields; caches the associated MPI derived

data types to minimise startup cost of communications. This is followed by a description

of a number of different halos and their construction.

The remainder of this chapter describes the generic halo communication module imple-

mented for the application codes used in this work. This is followed by a description of

how to generate an extended halo and quadratic element halo given a underlying linear

element mesh.
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4.1 Communication module

The principal aims of developing a communication module are to:

• provide a means to store and maintain an arbitrary number of halos associated with

different discretisations;

• dispense with the need to pass all halo information through all the subroutine inter-

faces;

• provide an interface for performing halo communications given a halo identification

number, a data vector and a communication pattern;

• cache all necessary MPI derived data types once created for each communication

pattern to minimise the time required to initialise a communication.

This provides a useful level of data encapsulation for which language interoperability is

readily achieved.

Generally a halo is stored as a set of vectors containing node numbers. Let us denote the

vector of nodes partitioned to processor i and required on processor j ashhhij . On processor

i, hhhij defines the node numbers for which field values need to be sent to processor j in a

halo communication. Conversely on processor j, hhhij defines the node numbers for which

field values need to be received from processor i in a halo communication. The node num-

bering used in hhhij is local to the partition, therefore hhhij 6= hhhji. These relationships are

illustrated in Figure 4.1. It is possible to define a function, R, that maps a partition wide

numbering (GNN) to a unique number for the whole domain (UNN), R(hhhij) ≡ R(hhhji).

Figure 4.2 illustrates how this information is stored in the halo database. Note that a sep-

arate database is used to store halo nodes that are to be received from other processors

(nodes that belong to a different partition) and those to be sent to other processors (nodes

that belong to the native partition). A dictionary of indexes in the form of halo tags, indi-

cated on the far left of Figure 4.2, stores references to each instance of a halo associated

with a discretisation. In practice this index is the only information that is required to be

passed through subroutine interfaces in the application code. The halo itself is comprised
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Figure 4.1: Halo vectors between two partitions. In both cases, the node numbers before
the dashed line list the nodes assigned to that processor by the graph partitioning.

of an array that contains a reference, for each processor involved in the computation,

pointing to an array of node numbers to be received or sent to each processor.

When solution data is stored in continuous memory, as is the case with FLUIDITY,

EVENT [75] and many other FEM implementations, most halo communications for a

given discretisation can be described in terms of:

• halo node numbers

• the number of field values stored continuously per node
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Halo tags Solution node numbers

Tag X

Processor

Proc 1

Proc N

Proc i

Halo instance

Figure 4.2: Halo database

• the total number of field values to be communicated per node

• the stride in array between nodal field values stored non-continuously

This packing is illustrated in Figure 4.3. The first time that a communication of a charac-

teristic pattern is initialised, MPI derived data types are created and cached for current and

future communications. This cache is only cleared after a repartitioning of the graph. Up

until recently there has been little advantage in using MPI derived data types as opposed

to manually packing the data before sending. In fact recent MPI implementations such

as MPICH-1.2.6 use MPI Pack and MPI Unpack inside communication routines such as

MPI Send and MPI Receive. However, the use of MPI derived data types is important as

there is scope for MPI implementations to perform optimisations on the packing and the

communication which will in general outperform manual packing in the application code,

e.g. Byna et al. [76], and ultimately reduce the net communication cost.

The Fortran interface to the halo communication module is as follows:
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Stride between solution blocks

Figure 4.3: Solution variable packing.

! Loads a new halo into the communication module

SUBROUTINE FLCOMMS_REGISTER_HALO(TAG, SEND, SENDPTR, &

RECV, RECVPTR)

INTEGER, INTENT(IN)::TAG, SEND(*), SENDPTR(*), &

RECV(*), RECVPTR(*)

TAG halo identifier

SEND, SENDPTR halo nodes to be sent (in compressed storage)

RECV, RECVPTR halo nodes to be sent (in compressed storage)
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! Update halo ‘‘TAG’’ for the solution variables

! stored in V packed in a pattern described by the

! tuple {BLK_SIZE, NFIELDS, STRIDE}

SUBROUTINE FLCOMMS_UPDATE(TAG, V, BLK_SIZE, NFIELDS, &

STRIDE)

INTEGER, INTENT(IN)::TAG

REAL, INTENT(INOUT)::V(*)

INTEGER, INTENT(IN)::BLK_SIZE, NFIELDS, STRIDE

V solution

BLK SIZE number of words stored continuously per node

NFIELDS total number of field variables in v

STRIDE stride between solution fields in v

! Delete all halo and cached information. Call before

! new halos are registered after a repartitioning.

SUBROUTINE FLCOMMS_RESET()

4.2 Halo types

4.2.1 Extended halo

Previously it was assumed that the halo was defined by elements that were shared across

domains. That is to say that they contain nodes owned by different domains. Here these

are referred to as Halo-I elements. However, in the case of mixed formulation calculations

occurring in some schemes, a larger stencil size can be required to evaluate some of the

matrices (e.g. [77]). Looking at Figure 3.2, the yellow elements define the usual mesh

overlap, or halo, between two domains. For the mixed formulation, all elements adjacent

to yellow elements, are also required on the neighbouring domain. Thus, the total mesh
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overlap is the yellow and the blue region combined. The elements in the blue region are

referred to as Halo-II elements.

In terms of implementation, the Halo-II is calculated and constructed only at the very end

of the parallel mesh optimisation operation. To construct Halo-II we first calculate the

Halo-II elements that already reside on the current processor. These are the elements that

will define the extended gather arrays. It is these elements, along with their associated

nodes (which are not already known to the receiving processor) which are communicated.

Define the set Ds as the set of elements which contain nodes assigned to domain s. Thus

the set of Halo-I elements between domains r and s is defined by H1
rs = Dr ∩ Ds, where

r 6= s.

Next, it is necessary to define an element-element adjacency list on each domain such

that Ee defines the set of elements that share a node with element e. Significant memory is

saved by noting that the adjacency relations, Ee, are only required for e ∈ H1 =
⋂

r,sH
1
rs.

Halo-II can now be defined as:

H2
rs = (

⋂
∀e∈H1

rs

Ee)−H1
rs. (4.1)

The problem with this definition is that it is possible for more than one processor to

send the same element to the same destination. In such a scenario an expensive search

would be required to remove all duplicates. This occurs for all elements, e ∈ H1 ∩ H2.

The solution to this is to flag all such elements before they are packed to be sent. All

the elements and nodes are packed and sent using the AllSendRecv operation, Algorithm

3.3.2. When elements and nodes are unpacked, those which have been flagged as being

problematic are stored in a sorted set so that multiple copies can be detected and deleted.

All other elements and nodes are added into the regular node and element lists. The

elements and nodes in the temporary sets are added to lists after all messages have been

unpacked.

As the Halo-II nodes are unpacked their UNNs are put into the extended scattered sets,

Sx
p , where p is the owner of the Halo-II node. The extended gather array, Hx, is created
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Figure 4.4: Linear to quadratic tetrahedra mapping

by scattering Sx using AllSendRecv, Algorithm 3.3.2.

4.2.2 Creating Tetra10 halo from base Tetra4 halo

In some cases a higher order discretisation is required in addition to a basic discretisation

to solve for different physical quantities. An example of this is the geostrophic pressure

solver used in ICOM. A linear, 4 node tetrahedral element mesh is used to solve the

momentum equations and other quantities while a quadratic, 10 node tetrahedral element

mesh is required for solving geostrophic pressure.

A straightforward mapping exists from a base Tetra4 mesh to a Tetra10 mesh as is il-

lustrated in Figure 4.4. It is useful to define the mapping that converts the local node

numbering of pairs in a Tetra4 element to a local node number in a Tetra10 elements as

T (i, j). Thus, in the example given in Figure 4.4, T (2, 2) = 3 and T (2, 4) = 8. While

it is trivial to generate the Tetra10 mesh from a Tetra4 mesh in parallel, a bit of thought

is required for how to construct the associated halo. The aim is to construct a consistent

node numbering for the quadratic mesh in parallel, partition the mid-side nodes associ-

ated with partitioned edges on the linear mesh and to construct the halo based on this node

numbering.
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First, a number of sets required for the formation of the Tetra10 halo need to be initialised.

Each of these sets are stored in a binary trees to facilitate fast searching:

ht
p nodes to be sent to or received from domain p;

ht all nodes to be sent or received by this partition,
⋃

p h
t
p;

hr all nodes to be received by this partition.

While these sets are being formed, a node ownership look up table is created, on(n). The

sets of edges shared with each domain, halo edgesp, and a look up table of the GNN of

the mid-side node of each of these edges is created, mid(e). In addition to this a look up

table oe(e) is created which gives the set of domains that require an edge, e. An edge is

said to be required by a domain only if an element which contains that edge contains a

node that resides on that domain. The algorithm is summarised in 4.2.1.

Algorithm 4.2.1: IDENTIFY EDGES(halo, Tetra4)

for i← 1 to |Elements|

do if Tetra4i ∈ ht

then



for each edge ∈ Tetra4i

do insert(oe(edge), node owners(Tetra4i)

for p← 1 to NProcessors

do if Tetra4i ∈ ht
p

then



for j ← 1 to 4

do for k ← 2 to 3

do

insert(halo edgesp, T etra4i(j), T etra4i(k))

mid(e) = Tetra10i(T (j, k))

return ( success )

The next issue to address is that of partitioning the mid-side nodes. As discussed in

Chapter 3, the graph partitioning used in data remapping is based on a graph defined by
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the nodes and edges of the linear tetrahedral mesh. It is assumed that once the vertex

nodes have been partitioned, neither the load-balance nor the volume of information to

be communicated varies significantly if the mid-side nodes in the quadratic mesh are

assigned to one or other of the partitions the edge vertices are assigned to. However it

must be ensured that the mid-side nodes are partitioned in a consistent manner across

all processors. For this the following rule is employed to enforce a unique partition:

the partition/owner of a mid-side node is the MNO of the edge vertices. Using this, the

sets of edges to be sent/received to/from each processor can be uniquely defined, though

unordered, by Algorithm 4.2.2.

Algorithm 4.2.2: PARTITION EDGES(null)

for p← 1 to NProcessors

do for each edge ∈ halo edgesp

do



edge owner = min on(edge1), o
n(edge2)

if edge owner = local partition

then


for each partition ∈ oe(edge)

do

if oe(edge) 6= edge owner

then insert(send edgesoe(edge), edge)

else insert(recv edgesedge owner, edge)

return ( success )

To ensure a consistent ordering of the halo between sub-domains, so that the nth being

sent from processor pi to processor pj corresponds to the nth node being received on pj

from processor pi, a domain wide node numbering is used. First UNNs are generated for

the linear tetrahedral mesh giving the LUT gnn2unn which is used to provide a UNN

given a GNN on the local processor, Algorithm 4.2.3. Given gnn2unn the reverse LUT,

unn2gnn, is easily generated.
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Algorithm 4.2.3: CREATE UNN(null)

unn offset← 0

for p← 1 to local processor number

do
{
unn offset← unn offset+ |nodes in partition p|

for n← 1 to |nodes in local partition|

do
{
gnn2unn[n] = unn offset+ n

comment:

The remaining nodes in the domain are assigned a UNN

by updating the halo values in gnn2unn

halo update(gnn2unn)

return ( success )

Using gnn2unn the sets send edges and recv edges can be ordered to provide a consistent

ordering across all domains, Algorithm 4.2.4.
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Algorithm 4.2.4: COMPARE EDGES(edge1, edge2)

comment:


Return: 1 if edge1 < edge2

0 if edge1 ≡ edge2

-1 if edge1 > edge2

unn1← min(gnn2unn(edge1.node1), gnn2unn(edge1.node2))

unn2← min(gnn2unn(edge2.node1), gnn2unn(edge2.node2))

if unn1 < unn2

then
{

return (1)

else if unn1 > unn2

then
{

return (−1)

comment: Inconclusive comparison. Check second pair.

unn1← max(gnn2unn(edge1.node1), gnn2unn(edge1.node2))

unn2← max(gnn2unn(edge2.node1), gnn2unn(edge2.node2))

if unn1 < unn2

then
{

return (1)

else if unn1 > unn2

then
{

return (−1)

comment: Identical edges

return (0)

At this point a consistent ordering across all domains can be made of the halo vertex

nodes and mid-side nodes (mid-side nodes being indexed using the edges) based on UNNs

without any further communication.
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4.3 Conclusion

The construction of a halo for discontinuous elements was not yet implemented at the time

of writing but it is clear that it fits into the framework described in this chapter. Regardless

of the discretisation the problem always reduces to two issues: (1) one must define a

node numbering that uniquely identifies a single computational node across all processors;

(2) the extent of the halo is always determined by the nodes required to assemble the

equations for each node assigned to a processor.

The use of MPI derived data types, which themselves only need to be constructed once,

means that at worst communications will perform as well as if packing was done ex-

plicitly using MPI and sent using MPI Send/MPI Recv (or non-blocking equivalents).

However the approach affords the MPI implementation to carry out several optimisations

related to how messages are copied between buffers. Due to the high frequency of halo

communication while using DDM, these savings can be significant.
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The accurate simulation of the various processes in a physical system requires an accu-

rate model, domain description, and discretisation in space and time. In the case of ocean
1An updated version of this work is available: Gorman et al. [55]
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modelling the domain is defined by the bathymetry, coastline, water surface, and any in-

let/outlet boundaries. While the surface and in/out boundaries are trivial to model (the

boundary conditions are another matter), the inadequate representation of the coastline

may lead to problems such as spurious stresses [78]. Additionally, the poor represen-

tation of bathymetry can lead to problems in modelling, for example, internal waves or

separation of boundary currents (e.g. [79, 80, 81, 82]). In addition, poor representation

of bathymetry can prohibit through-flows (e.g. [83]). In practice there is a trade-off be-

tween how close the surface mesh representing the bathymetry conforms to reality, which

affects the quality of the simulation, and how appropriate it is for numerical modelling

with finite computational resources. Therefore, the mesh should be optimised everywhere

with respect to this trade-off, such that the geometry is represented to some specified error

with a minimum amount of information or resolution.

In most current numerical models applicable to the oceans the representation of the do-

main geometry is typically poor with respect to the criteria outlined above. This is a sim-

ple consequence of the limitations imposed by the type of point-wise solution represen-

tation employed by the majority of models. Many of these models represent the domain

with a structured mesh, so that at best curvilinear grid lines yield a mesh of quadrilateral

computational cells in the horizontal which may be fitted to the coastal geometry. This

horizontal structure is then typically maintained through the vertical levels. The vertical

grid generally uses z, sigma(σ), isopycnal/layered coordinates, or a hybrid combination of

two or more of these. The most suitable of these coordinates for representing bathymetry

is the terrain-following or sigma coordinates. However, large pressure-gradient errors

can occur where there are sharp changes in the topography [84]. This problem can be

alleviated by smoothing the bathymetry or by increasing the horizontal resolution. These

treatments further reduce the user’s control of errors in the topographical representation.

Unstructured meshes, by contrast, allow far greater freedom in the representation of com-

plex geometries. In addition, the use of unstructured meshes opens up the realistic possi-

bility of employing adaptive mesh techniques to dynamically alter the local mesh resolu-

tion and alignment to best fit the solution characteristics throughout the course of a simu-

lation. However, when mesh adaptivity methods are employed it is necessary to keep the

domain fixed to avoid violating volume or mass conservation principles (free-surface and
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flooding models also change the domain but aim for conservation). This means disallow-

ing any local operations on the mesh which change the topography, as would occur if the

mesh nodes were continually being mapped to a parametric model of the domain for ex-

ample. Such domain mapping is commonly used in CFD, however conservation becomes

more important as the integration time increases. Therefore, since an adapting mesh may

seek to refine and coarsen the surface mesh as well as interior mesh, it is important to have

as good (‘good’ being dependent on levels of detail required by the particular simulation

in question) a discrete mesh representation of the domain as possible from the beginning

of the simulation using a minimum number of nodes/elements. Thus, for this chapter

“mesh”, unless otherwise stated, will refer to the 3D domain boundary constructed using

triangular elements rather than the volume mesh of tetrahedra.

It is important to distinguish between the aims of the work presented here and that of

mesh generators commonly used in oceanography. Currently most unstructured-mesh

generators, such as TriGrid [85] and Triangle [86], are based on Delaunay triangulation

methods. Delaunay triangulation can also be applied to the surface of a sphere [87]. In

addition, many of these methods have facilities to vary mesh node density according to

depth and slope, motivated by CFL stability constraints for example. However, many

of these features are supplanted when anisotropic mesh adaptivity methods are used in

conjunction with the dynamic solution method. In such cases element quality, which may

in general have a complex relationship with the equations being solved and the solution

[11], is optimised for as the solution evolves. Thus, the original volume mesh becomes

largely irrelevant, while the original domain description is paramount.

The approach employed here is to modify and use the anisotropic mesh optimisation al-

gorithm, introduced in Chapter 2. In this application the field which the mesh is being

optimised for is the bathymetry (or indeed any height field). The result is an anisotropic

mesh which focuses resolution where it is required to optimally represent the bathymetry

of the domain. The criterion to judge the quality of the mesh is defined in terms of the

Hessian (or curvature) of the bathymetry, which is used to define a general Riemannian

geometry, as well as its geometrical merits measured in Euclidean space. An important

alternative approach might be to employ a variant of the triangular decimation algorithm

[88], where details in a fine mesh are selectively discarded to create less accurate approxi-
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mations. However this method does not provide the same control over interpolation error,

nor does it facilitate multi-objective mesh optimisation as required when additional scalar

fields (e.g. material properties, climatology data, or a location dependent importance

weighting) also need to be represented accurately on the same mesh.

The remainder of this chapter is set out as follows. In Section 5.1 some motivation for

the optimal representation of domain geometry is outlined. In Section 5.2 the bathymetric

mesh approximation procedure is described as well as a discussion on coastline recovery

within the computational mesh. In Section 5.3 some examples are presented. Finally

some concluding remarks are given.

5.1 Motivation

5.1.1 Numerical requirements

When designing an initial mesh for the simulation of a fluid within a particular domain, a

decision has to be made as to what accuracy the boundary of that domain should (or needs)

to be represented. This accuracy obviously depends both on the underlying physics of the

problem in question, as well as the application or equivalently what type of questions the

user wishes to answer with the simulation. In oceanographic applications it is unknown

exactly to what extent the choice of an accurate boundary representation affects the overall

quality of the simulation. It is accepted however that a bad choice can have severely detri-

mental results. For example, the spurious behaviour present when a piecewise-constant

representation of either coastlines or bathymetry is employed. In addition to this, the

number of nodes and elements used to represent the domain boundary will directly limit

the minimum cost of a simulation, whether it be computed on a fixed or adapting mesh.

An appropriate compromise is therefore to seek a representation of the domain geome-

try to an accuracy sufficient for the user’s requirements (perhaps based upon sensitivity

studies) using the minimal number of degrees of freedom.

For simulations being carried out with an algorithm able to dynamically adjust its resolu-
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Figure 5.1: An adapted mesh generated for the example in Section 5.1.2. Here an upper
limit on the maximum aspect ratio is set at 10:1, and an interpolation error tolerance of
10−2 is imposed.

tion throughout the course of an integration in response to the solution, the algorithm may

decide that it wishes to refine the boundary representation in some regions, whilst coars-

ening it in others. Now, in order to ensure that the total volume of the domain is preserved

and quality of the domain’s geometry is not compromised, coarsening will be (at least in

this application) forbidden. This will have an adverse impact on the amount of coarsening

that will be allowed in regions close to boundaries. Hence again, it is immensely desirable

to optimally represent a given geometry to a prescribed accuracy.
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Figure 5.2: The height profile across the diagonal is displayed.

5.1.2 A simple example

In Figure 5.1 a mesh generated for a simple motivational example is presented. Here an

initially uniform mesh has been adapted to a given field. The domain is [−1, 1]2 and the

field is given by

ψ(x, y) = tanh
(
60

(√
(x+ 1)2 + (y + 1)2 −

√
5
))

, (5.1)

which may be assumed to represent a simple bathymetry field, representing for example

a curved shelf region, see Figure 5.1. ψ has been chosen in such a way that it is virtually

constant over large parts of the domain, so that large elements may freely be used there

whilst maintaining high accuracy. It additionally has a small region of high curvature

locally in one direction, whilst the curvature is much smaller in the local orthogonal di-

rection. For example (5.1) the ratio of curvatures normal and tangential to the ‘shelf’ is

approximately 10 : 1. An optimal anisotropic mesh will therefore be one in which the
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Figure 5.3: Number of nodes required to achieve a given interpolation error tolerance in
the representation of field (5.1). Different upper limits on allowable aspect ratios have
been imposed. As the limit on element aspect ratio is relaxed the elements have the
freedom to become more anisotropic, remaining aligned with the solution. This allows
the bathymetry to be efficiently represented using fewer nodes and elements.

elements are ‘small’ when looking in the direction of the large change in ψ and ‘large’

when looking in the orthogonal direction, i.e. anisotropy is a requirement here for mesh

optimality.

To highlight the important effect of anisotropy, in Figure 5.3 a plot is given which shows

the number of nodes required to satisfy a given interpolation error tolerance in the dis-

crete representation of (5.1). The meshes were generated from initially uniform structured

meshes using the techniques described in Chapter 2. The bathymetry field to be optimised

may be considered as a function of (x, y) alone, therefore the three-dimensional (3D)

mesh optimisation algorithm is performed in a 2D ‘slab’ geometry. The number of nodes

presented in Figure 5.3 refers only to surface nodes. Each plot in Figure 5.3 corresponds

to a different upper limit set on the allowed anisotropy (or aspect ratio) of elements, an
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example mesh with a limit on aspect ratio of 10 : 1 and an interpolation error of 10−2 is

presented in Figure 5.1. As can be seen, allowing high aspect ratios results in a far more

efficient representation of the field. As is expected the results scale linearly and allowing

an aspect ratio higher than that implied by the local ratio of principal curvatures does not

significantly alter the mesh. There is not exact agreement in the meshes at aspect ratios

greater than 10 : 1 due to the local optimisation based nature of the algorithm, as well as

contributing factors such as the presence of boundaries and an imposed maximum edge

length here of 0.3. An upper limit on edge lengths was imposed here so that the ‘flat’ parts

of (5.1) are not totally devoid of nodes, no minimum edge length was imposed in these

experiments. To complete this comparison a line indicating the theoretical number of

nodes required for a uniform structured mesh to respect the interpolation error tolerance

is given. This is theoretical purely in the sense that it was obtained from the standard in-

terpolation error estimate with the assumption that the mesh independent constant is unity.

This is a fair comparison since these are the same assumptions that the mesh optimisation

algorithm are based upon, see Section 2.4.

5.2 Ocean mesh generation

Even when using mesh optimisation techniques with flow solvers, little can be done to

improve the representation of the domain geometry while solving. This is because the

surface discretisation describing the domain must be calculated prior to any flow compu-

tation, and subsequently only nodes and elements that lie on that discretisation may be

introduced. Some practitioners of mesh optimisation methods continuously map surface

nodes back to a parametric representation of the geometry (e.g. [45]). However, due to

issues of mass/volume conservation (and conservation of other quantities), it is desirable

to keep the same discrete representation of the geometry throughout the simulation. This

means that (for isoparametric linear elements) only surface facets that lie on the same

plane can be coarsened or refined, see Section 2.6. This provides the motivation to gener-

ate a surface mesh of the desired accuracy before computation begins.
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5.2.1 Bathymetric source

As optimal shape approximation is of primarily concern here, an initial mesh is assumed

to be available. In the case of the examples presented later in this chapter, the initial

triangulation was derived from the gridded bathymetry and altimetry data set provided

by GEBCO [89]. Once the region of interest has been selected, typically specified using

a bounding box in terms of longitude and latitude, the gridded data set is triangulated

setting the z-component (bathymetry) of the points to zero. The bathymetry is stored as a

point-wise scalar quantity. Since the region may contain many points of no interest, only

triangles which have at least one node of bathymetry below some specified depth, dz, are

generated. Usually dz = 0 is used, but this may be set to a value above sea level for coastal

modelling with flooding, or below sea level for some ocean circulation models where the

shelves and depths are of greater interest than the shallows and true coast. Within this

initial triangulation the following non-exclusive types of nodes are readily identifiable:

• land nodes – any node of altimetry greater than dz (above sea level),

• ocean nodes – any node of bathymetry greater or equal to dz,

• coastal nodes – any ocean node connected through an edge to a land node,

• in/outlet nodes – any ocean node on the edge of the selected domain that is not

connected via an edge to a land node.

Data points that are not included in the triangulation are deleted. In the case where the

initial data set is a set of arbitrary points, a Delaunay triangulation is first performed.

5.2.2 Coastline recovery

Careful treatment of the shoreline is required to avoid spurious coastal effects such as

those described by [78]. Ideally one would have a suitable discretisation of the coast-

line and an edge-recovery method would be used to incorporate the boundary into the

mesh, e.g. using the techniques described by [90]. Furthermore, the procedure should
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(a) (b)

(c) (d)

Figure 5.5: The series of images illustrates the steps taken to recover the coastline. The original
triangular mesh obtained from gridded data is shown in (a). Triangles are retained only if they
have at least one node in the ocean. The black contour shows the position of the coast. The result-
ing mesh after clipping along the contour is shown in (b). Clipped elements are re-triangulated
resulting in many slivers and small triangles. The mesh is then optimised, (c), and finally coastal
decimation is performed. The mesh is again optimised to improve element quality on or near the
coast resulting in (d).

not require user intervention in the form of editing the coastline by hand as is commonly

practised. Not only is this labour intensive but it also compromises the integrity and the

reproducibility of simulations carried out on the resulting mesh. In general, coastline data

such as the WVS [91] are not suitable for automated boundary-recovery procedures. This

is mainly because the shoreline can be self-intersecting, particularly at coarser scales. The

authors are not aware of any suitable coastline data set useful for an automated boundary-

recovery procedure, and so have developed a simple method with which a satisfactory

coastline can be created from the starting data set.

Taking the original triangulated data set as the starting point the coastline contour is first

calculated (Figure 5.5 a) as the zero (or dz) level set. Next a clipping algorithm is applied

along the coast contour. Clipping involves inserting an edge between each pair of points
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Figure 5.6: The distance to edge is the distance between the target vertex (indicated by
the arrow) and the new edge formed were that vertex removed.

in each element that the contour enters and leaves, triangulating the resulting polygons,

and finally discarding all elements outside the coastline contour (Figure 5.5 b). In general

this step results in edges along the coast which are much smaller than the length scale

required by the model. This may limit the maximum time step allowed when solving on

this mesh. Some data sets might not have data points that are outside the contour and

so clipping is not required. However, as the procedure outlined in Chapter 2 tends to

lengthen length scales in the domain interior, edges along the coast can be much smaller

than those in the internal mesh.

To coarsen the coast an edge decimation algorithm, based on [88], is applied using the

distance to edge criterion (see Figure 5.6) calculated in Cartesian coordinates (in Eu-

clidean space). Vertices that have a distance to edge less than some user specified value

are selected for decimation. Decimation is carried out through recursive edge swapping

between pairs of elements attached to the vertex in question, until only a single element is

attached to that vertex, at which point both the element and vertex are deleted. Sometimes

decimation at a vertex fails because an edge swap is impossible without creating a tangled

mesh. The frequency of such events can be decreased if the mesh is optimised before the

decimation procedure, as the mesh optimisation procedure generally attempts to coarsen

the original mesh (Figures 5.5 c and d). Generally, decimation only continues to fail when

the internal edge lengths are of a similar length or shorter than the coastal edges and can
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be skipped.

The algorithm described also allows the decimation of small islands where all points of

the coast have an interpolation error less than that required. This is a desirable result in

many applications where very small elements around an island could severely limit the

time step. Often it is the case that the inclusion of such small islands may not make an

important contribution to the ocean dynamics. In cases where small islands need to be

retained the decimation procedure does not remove a vertex if it is part of a three-node

island.

It is also important to note that some elements along the coast have no degree of freedom

(i.e. all element nodes are coastal). These elements may be unsuitable for FE/FV com-

putations as a solution can not develop in these elements. They can either be erased or

retained for visualisation purposes.

5.2.3 Optimisation

The bathymetry is treated like a scalar field stored node wise on a 2D mesh. In addition to

this, in order to keep track of the nature of each boundary node (coastal or in/outlet node),

an integer tag (cast as a floating point number for the purpose of interpolation later) is

also stored as a nodal field. Non-boundary nodes are identified using the integer flag zero.

As the initial surface mesh is on a plane, the only geometrical constraints on the mesh are

those imposed by the 2D boundary, in particular the coast. Now the mesh optimisation

method described in Chapter 2 can be applied to the mesh where the field function that

the mesh is being optimised for is the bathymetry. For this work a 2D version of the mesh

optimisation procedure was not available and so a prismatic 3D mesh, one tetrahedron

deep, is formed from the 2D mesh. The height of the slab is set to be the same as the

maximum edge length in the horizontal. This limits the effects of capping the maximum

aspect ratio, (2.9), when elements are stretched in the vertical. As the resulting mesh is

planar, the surface nodes and elements are unconstrained by geometry on the plane. In

the 3D case the maximum element size in the third dimension is set to be the extruded

height of the domain, (2.8). In addition to this, so not to add information to the mesh, the
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minimum element size on the plane is fixed to be half that of the original mesh. Finally,

the required bathymetric linear interpolation error, as defined by (2.5), is specified.

After the 2D mesh (or 3D slab mesh) has been optimised, the mesh represents the do-

main’s bathymetry with an equidistributed linear interpolation error. As the mesh is

adapted, the metric field values are continuously interpolated onto the new nodes and

node positions while the nodal field values (which include the nodal integer flags cast to

reals) are interpolated at the end of the adaptive step from the original mesh to the final

mesh to minimise diffusion of information. In cases where there is lots of data redundancy

it is found to be beneficial to recalculate the error metrics and repeat the optimisation pro-

cess. The integer tags that describe the nodal types are retrieved by rounding all of the

2D boundary nodal tag values to the nearest integer. The next step is to form a prismatic

tetrahedral mesh by extruding the 2D surface mesh. The bathymetric coordinates of the

nodes on the top of the mesh are set to sea level while those at the bottom side of the mesh

are set to the interpolated bathymetric value. It is important to note that, as in this work,

when a 3D mesh is used for the optimisation process, the top or bottom surface of the 3D

mesh must be extracted, providing a 2D mesh which is subsequently extruded to follow

the bathymetry (the top is chosen here). This is necessary to avoid element vertices falling

inside neighbouring elements after extrusion (mesh tangling), which happens following

mesh optimisation since the mesh is no longer prismatic. This is particularly problematic

in regions of the mesh where the bathymetric interpolation error in the raw data set is

higher than the one specified for mesh optimisation.

The extension of the method to the globe is relatively straightforward. The key point is

that in order to apply the above algorithm the mesh must be projected to a 2D plane. In

the case of the globe this can be done using the stereographic projection,

x = 2 tan
(π

4
− α

2

)
sin(β),

y = −2 tan
(π

4
− α

2

)
cos(β),

where α is latitude, and β is longitude. For simplicity a spherical globe is assumed. The
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Figure 5.7: A stereographic projection of the globe and resulting optimised mesh, where
90◦ south is mapped to infinity. This is a conformal mapping which means that angles are
preserved between this space and the surface of a sphere (Compare with Figure 5.10).
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South Pole is at a point at infinity, which does not cause a problem in this application

since it is on land and therefore never meshed. Figure 5.7 shows an example of the

projection. An important property of the Stereographic projection is that it is a conformal

mapping (i.e. it preserves angles), [92]. The fact that distances are distorted in this space is

irrelevant because distances are measured in a metric space using (A.1), thus no distortion

is evident when the mesh is mapped back to a sphere. Hence element quality, as measured

with respect to the bathymetry field, is preserved.

5.3 Examples

Some examples of unstructured variable resolution anisotropic meshes constructed with

realistic topography shall now be presented. Along with each example a brief description

of the benefits of high quality meshes conforming to coastlines and topography is given.

5.3.1 The North Atlantic Ocean

It is often noted that ocean general circulation models find obtaining the correct struc-

ture and separation point for the Gulf Stream at Cape Hatteras problematic. In many

models the Gulf Stream tends to continue further north along the coast after Cape Hat-

teras before separating. This has serious consequences with regards the model’s ability

to simulate accurately circulation in the North Atlantic. Many mechanisms/agents that

may influence the generic properties of boundary current separation have been suggested,

for a review see [93]. Two important agents are coastline orientation and the details of

the local topography [94, 95, 79, 81]. In addition, it has been shown that increasing the

model resolution alleviates this deficiency, see for example [96, 97, 98]. Consequently,

the ability to resolve the coastline and local topography to a resolution higher than that

employed in the interior, or less dynamic regions, of the simulated domain represents a

considerable advantage in circulation models. Optimal bathymetric representation has the

advantage of allowing investigations into the sensitivity of ocean circulation patterns to

variations in topography, results of which will undoubtedly lead to guides for the level
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Figure 5.8: Mesh of the North Atlantic with approximately 100k nodes and a maximum
resolution of 1

10

o, this being the resolution the raw data was sampled at and thus the
minimum element size.
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and type of resolution that is needed in operational simulations. Figure 5.8 shows a mesh

generated for the North Atlantic, included are sections of the Greenland and Labrador

Seas. Another example of the importance of bathymetry detail on flow dynamics is the

topographic steering of dense overflow water through the Denmark Strait. This has con-

sequences for the dynamics of the thermohaline circulation and subsequent implications

to climate change. The ability to accurately model these processes relies on the ability to

resolve the topographic features to a sufficient accuracy. So that, for example, important

canyons or straits do not fall within the sub-grid scale, and the slope of the shelf break

may be correctly modelled on the particular mesh employed. For examples of studies on

these issues see [99, 100]. Related to these points are the investigations done through the

DOME group [101].

5.3.2 The Mediterranean Sea

The Mediterranean Sea possesses an extremely complex coastline strongly influencing

circulation, as well as bathymetry which has fairly large regions of uniform depth, but

with many small islands and a few regions where the bathymetry sinks to great depth.

Along with the general circulation patterns and eddies, the dynamics within the Mediter-

ranean Sea includes many varied processes which are strongly influenced by the details

of the coastlines and topography. For example, overflows of dense water into the North

Atlantic [102], convection in the Adriatic, as well as deep convection in the Gulf of Li-

ons. The fact that open boundaries are small and can very often be ignored, along with the

quality of observations, makes this an excellent region for testing numerical simulations.

An example of a mesh for this region is given in Figure 5.9.

5.3.3 The globe

As a final example a mesh constructed for the spherical Earth is given. The bathymetry

data is mapped via the stereographic projection to a slab upon which the mesh is con-

structed, see Figure 5.7. The mesh is then mapped back via the inverse of the stereo-
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Figure 5.9: An isometric view of the bottom surface mesh of the Mediterranean Sea. The
vertical has been exaggerated here by a factor 50 for visualisation.

graphic projection to the sphere, as shown in Figure 5.10.

5.4 Conclusion

Mesh adaptivity methods can be used to generate an optimal representation of a given

bathymetry to a specified interpolation error. This provides a mesh upon which an un-

structured mesh control volume or finite element based calculation can be performed. It

is also possible to optimise the mesh with respect to an interpolation that varies in space,

thus defining the interpolation error as a function of horizontal position. It is also possible

to include an interpolation error as a function of depth. An example of an application of

this could be to set the interpolation error at a point to be some percentage of the depth

so as to give more importance to shallower regions. Ultimately a sensitivity analysis

will be required to analyse the relationship between errors in the representation of the

bathymetry and those in the solution. While a coastline recovery algorithm is effective,

many improvements are possible. In particular the literature contains many improvements

to the original decimation algorithm described by [88] which could be incorporated into

the algorithm used here. Further developments of the technology presented here are also

possible, for example, climatology data used to initialise the model could also be opti-
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Figure 5.10: A mesh of the globe (compare with Figure 5.7).
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mised for in the mesh generation process. This would also present a good approach for

setting the initial vertical structure of the 3D mesh. These issues will be explored in future

work.
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Applications of parallel mesh

optimisation
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The parallel mesh optimisation methods presented in Chapters 2-4 are of general appli-

cability to unstructured mesh based FEM/FVM. The parallel mesh optimisation meth-

ods developed in this thesis will be demonstrated here through a series of transient in-

compressible CFD problems, namely: 3D flow past a cylinder; 3D flow past a sphere;

and a differentially heated rotating annulus. These examples are chosen to illustrate the

strengths and weaknesses of the method developed in this work.

The analysis presented in this chapter does not discuss at length the performance of the

graph partitioner (ParMetis in this case) independently from the parallel mesh optimisa-

113
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tion and dynamic load-balancing methods as this subject is explored extensively in the

literature (e.g. [103, 61, 68, 67, 66, 69, 71]). In fact, the cost of graph repartitioning is

included in the cost of data migration for all results presented (the joint operation usu-

ally referred to as data remapping). What will be examined separately however is the

performance of data remapping and the essentially serial component of the algorithm -

mesh optimisation. So that the computational costs associated with mesh optimisation

can be viewed in perspective, the cost of the DDM is also reported. This cost is defined

here to include the cost of matrix assembly, preconditioners and solvers. The experiments

presented all highlight one attractive aspect of the algorithm used - namely that the over-

head associated with parallel mesh optimisation over serial mesh optimisation contains

within it the overhead associated with dynamic load-balancing, and this cost overhead is

relatively low for all test cases considered.

Two different clusters were employed for the test problems presented here. The 3D flow

past a cylinder and the differentially heated rotating annulus experiments were both run

on a cluster of dual Intel R© XeonTM CPU 2.80GHz processors, networked with 1Gigabit

Ethernet. The 3D flow past a sphere experiments were carried out on a cluster of dual

Intel R©XeonTM CPU 2.40GHz processors, again networked with 1Gigabit Ethernet. Both

of these clusters are dedicated systems employing PBS to manage the job queue, therefore

there are only minor external factors which might effect the runtime of an experiment.

Therefore all timings are taken from a single run unless otherwise stated. Timings were

obtained through the use of tic/toc code, using MPI Wtime() to obtain the wall clock time.

All experiments were carried out using 64-bit floating point arithmetic.

6.1 Transient incompressible flow

The primitive variable form of the non-dimensionalised Navier-Stokes equations for an

incompressible fluid is given by

Duuu

Dt
=

1

Re
∇∇∇2uuu−∇∇∇p, (6.1)
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∇∇∇ · uuu = 0, (6.2)

where Re is the Reynolds number1, p is the pressure, uuu the velocity containing three

components and D/Dt = ∂/∂t + uuu · ∇∇∇ is the total derivative. While heating effects are

not considered for the cylinder and sphere experiments temperature, T , is still solved for

as a passive scalar using the governing equation:

DT

Dt
=

1

Pe
∇2T (6.3)

where Pe is the Peclet number2. The use of such a passive scalar is useful when studying

the mixing process in the wake of the cylinder.

The well known difficulty in satisfying the LBB stability condition [104], associated with

mixed formulations is circumvented here by using a shared pressure/velocity mesh and in-

troducing explicitly, a fourth order pressure stabilisation term into the continuity equation

(6.2), see [105].

6.2 3D flow past a cylinder

In this section the flow past a cylinder is simulated with the aid of parallel mesh optimisa-

tion. Key points made in this section are: the load-balance, as measured by the number of

solution nodes per partition, is good and validates the node prediction model (developed

in Section 3.2) used to ascribe node weights before performing graph partitioning; and the

graph partitioning remains well behaved. For this problem both the Reynolds number and

the Peclet number have a value of 500, based on the maximum inlet velocity and diameter

of the cylinder. The inlet (left hand side boundary of Figure 6.1) velocity has a linear

1The Reynolds number, Re, is a dimensionless parameter that indicates the dominance of inertial over
viscous forces in a fluid.

2The Peclet number, Pe, is a dimensionless parameter that indicates the dominance of advection over
conduction in the flux of heat in a fluid.
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profile that is zero at the bottom and unity at the top while the velocity was not specified

on the outlet, right. The mesh adapts every 100 time steps and the time step used is 0.005.

The diameter of the cylinder is unity and the domain extent, shown in Figure 6.1, is 30

diameters long by 15 wide; the centre of the cylinder is placed 7.5 diameters from the

inlet boundary on the left. The bottom of the domain and the surface of the cylinder have

a a no-slip boundary condition applied (i.e. all velocity components are set to zero). A

zero shear stress boundary condition was applied to the top and sides of the domain. The

top and bottom boundaries of the three dimensional box shaped domain were 5 diameters

apart. The interpolation error for temperature and the components of velocity was set to

ε̂g = 0.02 (see (2.6)). The minimum and maximum element lengths (hmin and hmax) were

set to 0.005 and 3 diameters respectively. A typical domain decomposition is shown in

Figure 6.2.

Figure 6.3 illustrates how the load-balance across eight domains and number of nodes in

the halo (which is related to the edge-cut) varies over time. Other than the initial large

increase in nodes at the start of the simulation, the number of nodes per domain remains

steady. The size of the halo per domain is also well behaved. The relatively large size

of the halo with respect to the size of the domain is due to this being a relatively small

benchmark problem (only having about 30000 nodes in total) and both Halo-I and Halo-

II nodes (see Figure 3.2) were required for this problem. It is also important to note that

these graphs were partitioned using node weights predicted by (3.5) thus validating the

node density prediction model employed in Section 3.2.1.

Figure 6.1 (a) shows the top of the computational domain where the temperature field is

superimposed onto the computational mesh. Wedge glyphs indicate the direction of fluid

flow. The von Kármán vortex street is immediately identifiable. The element sizes vary

by approximately two orders of magnitude from large elements, in regions of the mesh

outside the wake of the cylinder where there is little variation in the solution, to the very

small in the wake and close to the cylinder where the solution varies rapidly. There are

no velocity vectors in Figure 6.1 (b), because of the no slip boundary condition which is

applied there. While there is no flow to resolve at the bottom of the domain, it is clear that

the mesh has been optimised to capture the diffusion of the temperature field around the

cylinder. The resulting velocity profile between these two layers is illustrated in Figure
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(a) Top surface

(b) Bottom surface

Figure 6.1: The velocity, temperature and surface mesh (at time t=100). The top of the
domain, (a), has a a slip boundary condition applied while the bottom of the domain, (b),
has a no-slip boundary condition. In (a) it is clear that the mesh resolution is focusing in
on the vortices of the von Kármán vortex street.
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Figure 6.2: Graph partitioning for 8 domains at t=100, viewed from above.

6.4.

6.3 3D flow past a sphere

In this section the performance of the parallel mesh optimisation algorithm is decon-

structed. The cost of dynamic-load balancing, which is also the parallel overhead as-

sociated with parallel mesh optimisation, is compared with the cost of applying mesh

optimisation to a domain. These costs are relativised by comparing them with the cost of

the DDM.

For this problem both the Reynolds number and the Peclet number have a value of 400,

based on the maximum inlet velocity and diameter of the sphere. The inlet velocity is

set to unity. The diameter of the sphere is unity and the domain extent is 10.5 diameters

long by 5 wide; the centre of the cylinder is placed 2.5 diameters from the inlet boundary

on the left. At the inlet boundary the velocity was set to unity in the direction normal to

the boundary while the velocity was not specified on the outlet. The sphere has a no-slip

boundary condition applied (i.e. all velocity components are set to zero). A zero shear

stress boundary condition was applied to the sides of the domain. The opposing sides of

the box are 5 diameters away from each other. The interpolation error was set to ε̂g = 0.03

(see (2.6)). The minimum and maximum element lengths (hmin and hmax) were set to
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Figure 6.3: The top figure shows the variation in the maximum, average and minimum
number of nodes per domain over the course of the simulation. The graph-partitioning
was calculated using node weights as described in Section 3.2.1. The lower figure shows
how the maximum, average and minimum number of nodes in the combined halo over all
the domains varies over the course of the simulation.
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Figure 6.4: Cut plane though the centre of the domain showing velocity (wedge glyphs)
and Temperature at t=100. Observe the thickness of the viscous boundary layer that has
formed between the top and bottom surfaces. It is clear that the fluid flow is directed
upward and mixing mostly takes place in the upper layers.
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Figure 6.5: The total number of nodes in the mesh varies in time. Its periodic nature is
related to the periodic shedding of eddies from the cylinder.

0.005 and 2 diameters respectively. Mesh optimisation is performed periodically. Figure

6.5 demonstrates how the total number of nodes varies in time through the application of

mesh optimisation. One striking feature of this figure is the strong periodic variation of

the total number of nodes which is related to vortex shedding. This again highlights the

need for dynamic load-balancing for mesh optimisation methods as flow features such as

vortices are followed through the domain by high densities of solution nodes.

The mesh adapts approximately every 0.125 time units where the initial time step is 0.025

and thereafter the time step is recalculated at the start of each time step using (2.24) with

a maximum Courant number of 6.0. Figure 6.6 shows how the time step varies as the

simulation progresses and is typical of how the time step behaves when mesh optimisation

is used. In particular it is noted that it quickly settles down and in this example has time

step values distributed around 0.008 time units.

Figures 6.9–6.12 show the cost of the DDM (meaning the cost of the parallel solvers),
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Figure 6.6: The time step, ∆t, as a function of time, t, used for calculating flow past a
sphere across four domains using mesh adaptivity.
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(a) 9.0 time units, 194347 nodes (b) 19.0 time units, 256421 nodes

(c) 29.1 time units, 240875 nodes (d) 39.1 time units, 199594 nodes

(e) 49.1 time units, 281087 nodes (f) 59.2 time units, 185533 nodes

Figure 6.7: A series of snap shots of 3D flow past a sphere are shown. The upper section
of the domain is each figure has been removed so that the mesh can be viewed and a
vertical scalar cut plane is superimposed. Colour represents temperature.
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Figure 6.8: Typical graph partitioning of the 3D flow past a sphere problem. The upper
half of the domain has been removed to expose the internal mesh. One can see that flow
features are being resolved on the surface of the sphere highlighting the discrete surface
representation used.
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mesh adaptivity and data remapping for different numbers of domains as measured using

wall clock time. The cost of the DDM is estimated as being half the total time spent in the

application code before and after a parallel optimisation operation. The costs for mesh

optimisation are the maximum, average and minimum time spent applying the serial mesh

optimisation operation – this time excludes the waiting time between a process completing

serial mesh optimisation and the last process to complete serial mesh optimisation. This

allows us to clearly highlight the load imbalance occurring during mesh optimisation. The

cost of data remapping is time lapsed before and after the data remapping operation.

Using the eyeball norm, the DDM and data remapping appear to scale well (this is quan-

tified below), with the cost of data remapping being relatively low as one would hope. It

is interesting to note how the costs of the three different operations are correlated with

the total number of nodes in the domain, Figure 6.5. In particular, when the cost of mesh

optimisation spikes, due to a jump in the number of degrees-of-freedom being added or

removed from a partition, the cost of data remapping also peaks as more information must

be migrated to balance the load.

However it is clear that there is a problem with the load-balance of the serial mesh op-

timisation operation applied across domains. The source of the problem lies in the fact

that the focus of the load-balancing is only on balancing the work done by the DDM and

not the work involved in mesh optimisation. As the cost of data remapping is relatively

low, one obvious solution to this problem would be to load-balance specifically for mesh

optimisation at the beginning of mesh optimisation and load-balance for the DDM after

mesh optimisation. This requires a cost model for the mesh optimisation procedure so

that an estimate can be made of the local cost of optimisation given the error metric and

other local information such as the objective function. However a reliable cost model for

mesh optimisation has not yet been developed. The key difficulty with developing a cost

model for mesh optimisation is the complex nature of mesh optimisation algorithm. For

example, there is only a very weak correlation between the objective function values (or

other quantity derived from the error metric tensor) and the cost of mesh optimisation as

a function of space. In this particular example the load-imbalance is exaggerated because

only an isolated region requires significant optimisation and this region is distributed only

over a small number of processors. This results in the majority of the optimisation work
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Figure 6.9: The computational cost of the DDM, mesh adaptivity and data remapping
procedures for the flow past a sphere problem when using two partitions as measured
using wall time.

being assigned to just a few processors.

Figures 6.13, 6.14 and 6.15 show how the cost of mesh optimisation, data remapping

and the DDM vary respectively for 2, 4, 8 and 16 processors. Note that the peaks and

troughs correlate with the number of nodes in the domain, Figure 6.5. To further illustrate

the parallel performance of the method for this problem, three tables, containing cost

and relative speedup data, are shown: Table 6.1 indicates the performance of the DDM;

Table 6.2 indicates the performance of dynamic load-balancing and data remapping; and

Table 6.3 shows the performance of serial mesh optimisation applied in parallel. The cost

quoted in these tables is the average time measured for each operation within the 46th

second time window. In each case the relative speedup figure is calculated by dividing

the time taken to run on 2n processors by the time on n processors. The rational behind

this untraditional definition is: a different preconditioner and DDM is used for the serial

case and so it is difficult to give a useful comparison with the serial case; there is no data
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Figure 6.10: The computational cost of the DDM, mesh adaptivity and data remapping
procedures for the flow past a sphere problem when using four partitions as measured
using wall time.
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Figure 6.11: The computational cost of the DDM, mesh adaptivity and data remapping
procedures for the flow past a sphere problem when using eight partitions as measured
using wall time.
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Figure 6.12: The computational cost of the DDM, mesh adaptivity and data remapping
procedures for the flow past a sphere problem when using sixteen partitions as measured
using wall time.
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Number of processors Averaged cost (time units) Relative speedup

2 3585 -
4 1270 2.8
8 625 2.0
16 415 1.5

Table 6.1: Relative speedup of DDM

Number of processors Averaged cost (time units) Relative speedup

2 220 -
4 83 2.7
8 46 1.8
16 37 1.2

Table 6.2: Relative speedup of data remapping

remapping performed in serial so a comparison of that type cannot be made; this form

yields more information about the scalability of the method. There are a few aspects to

these tables that require some consideration. The first is the fact that some super-linear

speedup figures are quoted. There are two factors which contribute to these high values:

the speedup is not based on a serial benchmark and thus are going to appear higher than

what might otherwise be expected; it is observed that two serial processes will run slower

on a dual Xeon than a single process [106]. Dual Xeons, such as those used in these tests,

share a common front-side bus. Many experiments, such as those published by Guiang et

al. [106], show that applications that have less FLOPS per memory reference (e.g. sparse

matrix multiplications) can perform poorly on dual Xeons due to limitations of the shared

bus memory architecture. Thus, it is postulated that this problem is alleviated as the

size of the problem per processor decreases. The final, rather conspicuous, performance

metric that requires explanation is the relative speedup of mesh optimisation going from

8 to 16 processors, Table 6.3. This is interpreted as an artifact of the load-imbalance in

mesh optimisation as previously discussed, where the mesh regions which require most

optimisation become proportionately much better distributed.
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Number of processors Averaged cost (time units) Relative speedup

2 1204 -
4 555 2.2
8 670 0.8
16 129 5.1

Table 6.3: Relative speedup of mesh optimisation
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Figure 6.13: The cost of serial mesh optimisation on 2, 4, 8 and 16 processors for the 3D
flow past a sphere problem.
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Figure 6.14: The cost of data remapping on 2, 4, 8 and 16 processors for the 3D flow past
a sphere problem.
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Figure 6.15: The cost of solver on 2, 4, 8 and 16 processors for the 3D flow past a sphere
problem.
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6.4 Differentially heated rotating annulus

Many laboratory experiments of the motion of a fluid in an annulus which rotates about

a vertical axis and is subject to a horizontal temperature gradient have been presented in

the literature (for a review see [107]). These experiments show that when the rotation rate

exceeds a critical level (which depends on many parameters), centrifugal forces inhibit

overturning motion and promote a different flow structure, which is often termed sloping

convection or baroclinic waves. This motion is generally non-antisymmetric and mostly

confined to meandering jet streams.

The primitive variable form of the non-dimensionalised Navier-Stokes equation is given

by

ρ
Duuu

Dt
+FcFcFc = ρν∇∇∇2uuu−∇∇∇p+FbFbFb, (6.4)

where ρ is the density, ν is the kinematic visocity FcFcFc is the Coriolis body force (as the

system is solved in a rotating frame of reference where the annulus appears stationary),

FcFcFc = 2ρΩΩΩ× uuu, (6.5)

where ΩΩΩ is the angular velocity. FbFbFb is the buoyancy body force,

FbFbFb = −ρggg (6.6)

where ggg is the acceleration due to gravity. A linear equation of state is used for density,

ρ = ρ0(1− α(T − T0)) (6.7)

where α is the coefficient of thermal expansion, ρ0 is the density of the fluid at temperature

T0 and T is the temperature of the fluid.

In the experiment considered here a fixed lid annulus is set up with an internal radius of

4cm, an outside radius of 8.64cm and a height of 13.5cm. The temperature difference

between the inside and outside of the annulus is 10K, where the outside is the hotter. A

no slip boundary condition is applied to the sides and bottom while a free slip bound-
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Figure 6.16: The total number of nodes in the mesh varies in time. The steep increase in
the number of nodes can be understood with the aid of Figure 6.18 where one can see that
there is a spin-up time before baroclinic waves become fully established.

ary condition with zero normal flow is applied to the top. The annulus is rotating about

it’s axis of symmetry at 2rads−1. Other physical quantities are: kinematic viscosity,

υ = 0.025cm2s−1; thermal conductivity, κ = 0.001Wcm−1K−1; the density of the fluid

at T0 (the temperature of the inner boundary), ρ0 = 10−3Kgcm−3; and the coefficient

of thermal expansion, γ = 2 × 10−4K−1. The interpolation errors are: 0.1cms−1 for

velocities in the horizontal; 0.025cms−1 for the vertical velocity; and 0.1K for tempera-

ture. The minimum and maximum element lengths (hmin and hmax) are set to 0.025cm

and 5cm respectively. The total number of solution nodes and the time steps used are

illustrated in Figures 6.16 and 6.17 respectively.

The set of frames in Figure 6.18 show the flow spinning up and meandering jets or waves

forming. It is clear that as the flow becomes more complex, additional resolution is re-

quired as is illustrated in Figure 6.16. Figure 6.19 slows the detailed features of the

temperature field and the corresponding graph-partitioning for this experiment on eight
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Figure 6.17: The time step, ∆t, as a function of time, t, used for the differentially heated
rotating annulus experiment.
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processors is shown in Figure 6.20. In striking contrast to the previous experiment, be-

cause gradients are more evenly distributed throughout the domain, the load-balance of

mesh optimisation is good (see Figure 6.21). In addition, mesh optimisation is now only

applied every time unit in experiment time (this is roughly every 20 time steps) which is

more than sufficient for this experiment. This results in a more favourable comparison

between the costs of the DDM, mesh optimisation and data remapping, see Figure 6.22.

In particular, note that the cost of data remapping becomes negligible when considered

with the other costs. This experiment was also carried on sixteen processors and a rela-

tive speedup of 2 was observed. Again, the likely explanation for this high value is the

degraded performance of memory intensive processes on dual Xeons as discussed in the

previous section.

6.5 Conclusions

This chapter demonstrated the capabilities of parallel mesh optimisation. In problems

where variations in the solution gradients are localised within the domain load-imbalances

are experienced within the parallel mesh optimisation. To address this problem a cost

model will need to be developed for the mesh optimisation process. This may take the

form of an analytical model or may require an empirical model such as an artificial neu-

ral network. However, in practise the performance scalability of these problems can be

greatly improved by one, or a combination of a number of, methods: smoothing the

metric so that mesh optimisation is less sensitive to changes in gradients; by increasing

marginally the accuracy sought by the mesh optimisation method beyond that required by

the solution and performing mesh optimisation less frequently.

Fortunately, most practical problems of interest are more complex (e.g. ocean modelling

[108]) and the variation of solution gradients tends to be more evenly distributed through-

out the domain, as in the case of the spinning annulus in Section 6.4. Under such condi-

tions the parallel mesh optimisation method performs very well. In particular the parallel

overheads associated with applying mesh optimisation in parallel and performing dy-

namic load-balancing appear minimal. Although more experiments on greater numbers
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(a) 10.8 time units (b) 21.2 time units

(c) 31.7 time units (d) 42.0 time units

(e) 52.2 time units (f) 62.3 time units

Figure 6.18: A series of snap shots of 3D flow in a differentially heated rotating annulus.
Colour represents temperature.
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Figure 6.19: Temperature profile looking on top of the spinning annulus at 56.3 time
units.
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Figure 6.20: Typical graph partitioning for differentially heated rotating annulus problem
(56.3 time units).
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Figure 6.21: The computational cost of mesh optimisation for each of the eight sub-
domains.
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of processors and on different architectures would be necessary to make decisive state-

ments about scalability 3, these experiments do indicate that it is reasonable to expect

good performance results for a moderately sized Beowulf cluster. Further experiments

will be required to verify and extend this extrapolation.

3Unfortunately, the performance of a code on a scaled down system is often not very impressive. There
is a straightforward solution to this dilemma — project your performance results linearly to a full system,
and quote the projected results, without justifying the linear scaling. Be very careful not to mention this
projection, however, since it could seriously undermine your performance claims for the audience to realise
that you did not actually obtain your results on real full-scale hardware. (Quote from Twelve ways to fool
the masses when giving performance results on parallel computers [109].)
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The previous chapter demonstrates that the parallel mesh optimisation method developed

can be used effectively for parallel FEM applications. It is clear from the tests conducted
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that the overheads associated with dynamic load-balancing (i.e. repartitioning and data

migration costs) are minor when compared with the costs of serial mesh optimisation and

the solver (CG and GMRES with a SSOR preconditioner). This is particularly significant

as this cost is one and the same as the overhead incurred by performing mesh optimisation

in parallel.

The results also highlight the fact that no effort has been made toward load-balancing the

mesh optimisation as distinct from load-balancing the solver. In the case of flow past a

sphere for example, Figures 6.9 to 6.12 show a wide variation in the cost of mesh opti-

misation across processors. However this should be viewed as a worst case scenario due

to the fact that mesh optimisation was performed at each time step and the regions with

fast changing curvature (thus regularly requiring mesh optimisation) are localised and by

implication, so is the work to be done by the mesh optimisation procedure. For most

practical applications, regions of rapidly varying curvature are more evenly distributed

and usually multiple time steps are solved between applications of mesh optimisation.

This lowers the actual load-imbalance and reduces the the cost of mesh optimisation with

respect to the solver, thus reducing the impact of load-imbalances in mesh optimisation.

However, these are evidently issues that require further investigation.

In this chapter the strengths and possible weaknesses of the implemented parallel mesh

optimisation will be examined and possible solutions discussed. The chapter will con-

clude with a look at likely trends in mesh optimisation in the near future. This will focus

on the next generation of mesh optimisers which aim to adapt general polyhedral meshes

achieving high fidelity hex-dominant meshes and moving mesh methods.

7.1 Dynamic load-balancing

Apart from the solver itself, load-balancing is arguably the most important issue in parallel

computing, especially dynamic load-balancing when the load is variable or unpredictable

as is the case when adaptive computational methods are employed. Dynamic load-balance

has three basic requirements: a means by which to estimate the work to be done; a method
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to partition the work among a given set of processors; a method to distribute the work

among the available processors.

7.1.1 Estimating the cost of computation: mesh optimisation cost

model

In terms of cost models, load-balancing the load for the solver is usually relatively straight-

forward when it is assumed that poorly conditioned elements and element CFL numbers,

when an adaptive explicit time stepping is used [110], are equidistributed. In this case

the load is well balanced if the number of solution nodes is approximately equal on each

subdomain and the communication cost between these partitions is balanced. As was seen

in the previous chapter the cost of data migration is relatively low, with respect to the cost

of the solver and serial mesh optimisation, and so its cost can generally be neglected.

The challenge facing the current mesh optimisation method is to develop a cost model

to facilitate load-balancing of mesh optimisation. A cost model is critical because of the

relatively high cost of the method for some applications. Once such a model is available,

load-balancing can be achieved by either: explicitly calculating a separate partitioning for

the solver and for the mesh optimisation step, remapping data as necessary; or solving a

multi-objective graph partitioning problem seeking to balance both the cost of the solver

and mesh optimisation together.

The development of such a model however is not without its difficulties. The key issue is

that there is only a weak correlation between the error metric (and its derived quantities

such as the optimisation objective function) and the actual amount of work that must be

done on a sub-mesh before some quality tolerance has been achieved. For example, one

might suggest a simple linear model relating the local change in the number of elements

(see Section 3.2.1) to the cost of optimisation. While there are a few problems with this

model, perhaps the most obvious relates to the fact that anisotropy in the mesh is a desired

feature when anisotropy exists in the solution. Thus a significant level of work in mesh

optimisation may involve changes to the shape of the mesh rather than the density of

elements or nodes. There is also the fact that the relation between the change in element
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or node density and the error metric is highly non-linear. Similar problems relate to use

of the objective function or other quality measures.

The hope is that a systematic study of the individual contributions of different adaptation

methods (i.e. edge collapsing/splitting, face/edge swapping and mesh smoothing) to mesh

properties such as node density, element shape and mesh orientation (all of which can

be clearly related to the error metric [9, 10]) will cast light on how such a cost model

may be devised. Such a study would take a similar form to the study by Freitag et al.

[111, 8, 112], but with an increased emphasis on modelling the cost benefit. Indeed, it

may be that the optimisation method itself may need to be modified to facilitate a cost

model being devised.

7.1.2 Partitioning

One novel aspect of the work presented here is the application of edge weights to dis-

courage the partitioning of mesh regions that may require further optimisation. Avoiding

such regions reduces the overall communication overhead associated with parallel mesh

optimisation while still load-balancing. This approach is both simple and powerful. It can

be applied for similar effect to other approaches to parallel mesh optimisation methods,

e.g. Freitag et al. [49] and Jimack [32]. Further work is required to assess the perfor-

mance of variants of (3.2) in order to find an optimal strategy. In addition, the gain from

applying further weights based on quantities such as element condition number should

be investigated as it is suspected that this could be used to reduce convergence times for

DDMs.

As all tests were carried out on a distributed memory parallel computer with SMP nodes

(dual Xeons) an obvious optimisation for the graph partitioner is to first partition the mesh

into the number of SMP nodes involved in the computation, and subsequently partition

each of these partitions into two further partitions. These partition pairs are then assigned

to the SMP nodes. This approach ensures that full advantage is taken of the fact that intra-

nodal latency is much lower and communication bandwidth much higher than inter-nodal

communication. Because this approach ensures that there is always a partition boundary
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between two partitions on the same SMP node, it reduces the total cost of communication.

The attraction of this approach is that it can easily be extended to any architecture which

has a hierarchical communication pattern. This strategy could be used instead of, or in

combination with, a mixed MPI/OpenMP approach, where OpenMP parallelises code

running on a single SMP node.

Further optimisations for heterogeneous computational environments are possible. For

example, a very interesting open source toolkit aimed at such resource-aware load-balancing

has recently been released under the name of DRUM (Dynamic Resource Utilization

Model) [113]. DRUM can be used by an application to provide a range of information

about computational nodes being used by the application and the interconnect between

these nodes. Tests range from ping-pong latency tests to the use of LINPACK [114] to run

benchmarks to provide CPU power information. This information can be used by graph

partitioners such as ParMetis to make optimal use of a given computational resource.

7.1.3 Data migration

As demonstrated in the previous chapter, the data migration module fulfils its function,

and with little overhead when compared with the cost of other computation. So in the

context of unstructured mesh based computation, such as that used in this work, it is un-

likely to require further significant development. Nevertheless modelling today is rapidly

moving more toward large scale coupled models. Research is currently underway toward

coupling, for example, CFD with radiation transport [115], particle based modelling and

discrete FEM, e.g. active tracer modelling for air pollution, sediment transport, indi-

vidual based plankton modelling and coastal engineering. To satisfy all of the diverse

requirements of these models for parallel computation and dynamic load-balancing the

likelihood is that the open source toolkit Zoltan will be adopted [116, 117, 118].
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7.2 Optimal shape approximation

A special case of optimal shape approximation is investigated in Chapter 5 - that of op-

timising the approximation of a height field such as bathymetry. The approach is attrac-

tive because of the flexibility in which the optimisation can be controlled. Examples of

straightforward extentions are the inclusion of other field information (see the discussion

of merging metrics in Section 2.4) and the simple control of errors (e.g. making inter-

polation error a function of bathymetry). The method was developed in a response to a

pressing need to generate accurate surface meshes for ocean modelling using FEM and

mesh optimisation.

However the method has two drawbacks. The first is that mesh optimisation is expensive

in this case as typically a mesh gets compressed by two orders of magnitude (typically

it is found that datasets over resolve areas such as abyssal planes while under resolving

shelves). This cost is acceptable when using relatively small datasets such as GEBCO

(0.5GBytes) but datasets such as sea bed surveys can involve terabytes of data. The sec-

ond issue is that the method was developed to generate an optimal discrete representation

of a domain that could be used with mesh optimisation methods throughout the course of

a simulation. As discussed in Section 2.6, conservation is a critical issue to many appli-

cations (ocean modelling being one) thus methods by which an adaptive method might

refer back to the origin geometry for new information are problematic. The issue is that

method cannot be applied to general 3D geometry where there are similar needs. Varia-

tions of so called decimation methods [88] are common in the area of computer graphics

for generating reduced representations of shapes that “look good” but these methods have

in general a non-rigorous error norm which poses a problem for their use in quantitative

science. However, more recent methods such as that developed in [119] (also developed

for computer graphics) do have a rigorous error norm making it an ideal candidate for

future application to shape approximation for FEM/FVM.
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7.3 Conservative interpolation

When solving conservation equations, conservation of one or more quantities is often a

fundamental requirement [120]. Thus it is important to make invariant certain integral

quantities (e.g. mass, pollutant concentration, energy) throughout a time dependent sim-

ulation. The aim is to achieve conservation for linear and quadratic elements whilst using

high order interpolations from an old mesh to a new one and simultaneously achieve

bounded solutions e.g. non-negative densities and concentrations. These issues are anal-

ogous to conservative, high order accurate, bounded advection methods which require

the introduction of non-linearity (Godunov’s theorem) to simultaneously achieve all these

aims and which must also be expected in mesh to mesh interpolation methods. Out of

several approaches suggested in the literature, including [121, 122, 123], the two step

approach proposed by Margolin et al. [123] is a likely starting point for achieving these

aims. Also geometric conservation to preserve domain volume with free surfaces and

other moving material interfaces will provide further conservation challenges. This may

only be partially resolved with the increased accuracy associated with node movement

and adaptive mesh refinement leaving the choice between sharp interfaces without con-

servation and slight smearing of the interfaces with conservation.

7.4 The next generation of mesh optimisation methods

It is worth considering the likely trend of mesh optimisation research for the next few

years beyond that already described. Future work on mesh optimisation will aim to

develop further advanced dynamic anisotropic mesh optimisation methods designed to

be accurate, robust, and efficient. Current state-of-the-art mesh optimisation techniques

are based on tetrahedral meshes - and research in this area is set to be active for many

more years - although it is well known that tetrahedra perform poorly in comparison

to hexahedral elements when used in FEM/FVM. Recent work on mesh optimisation

and hex-dominant mesh generation (e.g. [124, 125, 126, 127, 128, 129, 130, 131]) has

brought closer the prospect of a fully dynamic and robust hex-dominant mesh optimisa-
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tion method.

The aim is to develop a mesh optimisation method which combines the accuracy of hex-

ahedral elements with the geometric flexibility and ability to change resolution of tetra-

hedral elements. This will be achieved with a polyhedral mesh in which hexahedral el-

ements are dominant, tetrahedral elements in regions constrained by complex geometry

or similar, and pentahedra (wedges and pyramids) as transitional elements (thus the term

hex-dominant).

7.4.1 Hex-dominant mesh optimisation

The challenge is to bring together mesh optimisation techniques developed for tetrahedral

meshes (e.g. [3, 56, 8, 132]), parallel mesh optimisation methods (e.g. [53, 49, 32]), and

developments in hex-dominant mesh generation (e.g. [124, 125, 126, 127, 128, 129, 130,

131]) to form a powerful hex-dominant mesh optimisation method.

Current state-of-the-art 3D unstructured mesh optimisation techniques are based on tetra-

hedral elements. However, when compared to hexahedral elements there are fundamental

accuracy issues associated with using tetrahedral elements for 3D fluid modelling. Linear

tetrahedral elements are well known to suffer from large false diffusion effects due to the

absence of cross terms in the element shape functions. This reduction in accuracy not only

occurs with simple linear elements but also with higher order elements such as used in

spectral element methods. The benefits in terms of accuracy of using hexahedral elements

are considerable as is the ability of legacy codes and other codes (e.g. multi-phase flow)

that use hexahedral elements only, to exploit mesh optimisation techniques. Multi-phase

models and ocean models often apply hexahedral elements since the use of other element

types within their formulations are not possible, e.g. because of requirements to satisfy

the LBB stability condition [104] (requires a different choice of element basis functions

for the velocity and pressure to obtain numerical stability) and mass conservation. Sim-

ilarly, some advection schemes also require the use of a hexahedral mesh. Indeed many

experts in these fields believe it is not feasible to produce an accurate model with any-

thing other than hexahedral elements. Furthermore, as the same solution accuracy can be
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obtained with significantly fewer solution variables using a hexahedral mesh than with

a tetrahedral mesh, much larger problems could be solved with a given computational

resource.

A key aspect of this work will be the development and evaluation of a new family of ob-

jective functions to be used with mesh optimisation. These objective functions will need

to describe in a consistent manner the quality of a given element type, size and shape

with respect to a given metric tensor field derived from error norms. The objective func-

tion must naturally embody the local relative accuracy properties of different shapes and

types of polyhedrons. This process will require extensive testing as the relative merits

of different element types and shapes are difficult to quantify. Automatic differentia-

tion techniques will be applied to the objective function (or simplifications of it) so that

standard gradient methods may be used for parts of the mesh optimisation e.g. node posi-

tioning. The method for adapting the mesh will be based on several different techniques

in the literature of mesh generation, in particular indirect hexahedral meshing methods

(e.g. [124, 125, 126, 127, 128, 129, 130, 131]). The implementation of an indirect hex-

dominant meshing method will be based on the current tetrahedral mesh optimisation

method but applied with the newly developed objective function.

7.4.2 R-optimisation

Moving the mesh can be achieved with, for example, a Lagrangian method (although

this is only a subset of the possibilities) to track materials or properties (in many cases

exactly). However, when combined with mesh optimisation methods the mesh will be

moved, coarsened, refined and have its element connectivity changed when the elements

become distorted, as required.

All these methods, will also be combined with advanced moving mesh methods (e.g.

[120]) to achieve levels of accuracy obtained only with Lagrangian methods, but with

increased robustness, and conservative interpolation methods so that the models can have

similar conservative properties to the governing equations.
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As well as the necessity to preserve accuracy for free surface flow and moving material

problems, the use of a moving mesh can substantially improve the accuracy of a simula-

tion and even provide exact resolution of some advection processes. Mesh optimisation

and mesh movement each have their own distinct advantages and disadvantages. For ex-

ample, with mesh movement alone the number of nodes is kept constant; since the level

of complex dynamic behaviour may vary throughout a simulation this is very unlikely to

be near-optimal. In addition, it may be difficult to achieve in a straightforward manner

large local variations in resolution, it is also possible that constraints in the topology of

the mesh mean that inappropriately shaped or tangled meshes result. These problems

would largely disappear if a component of mesh optimisation were available when mesh

movement alone was found to be insufficient to cope with the solution dynamics. In con-

trast mesh optimisation alone may not be the most efficient way of performing adaptive

simulations in (especially fluid based) situations, where regions which require enhanced

resolution may well move with the flow in a Lagrangian manner. This could result in the

excessive use of interpolation, especially when compared to a fully Lagrangian method

which would typically require none. An additional resulting advantage of Lagrangian like

methods is that in regions of intense dynamic activity small elements may well be present

along with high velocities, and so any CFL based time step restriction present may be se-

vere, an adaptive method which moves the mesh approximately with the flow would have

the effect of reducing transport velocities, and hence also time step restrictions for these

smaller elements, c.f. the properties of semi-Lagrangian methods. A combined method

able to combine the robustness properties of mesh optimisation with the efficiency and

accuracy properties of (Lagrangian) mesh movement is thus the ideal.

There are few examples of combined mesh optimisation/movement adaptive methods

in the literature (and none for hex-dominant hybrid meshes). In [133] a 2D moving

mesh method (based on variational elliptic mesh generation) is coupled with an h-method

method which locally alters the mesh in order to achieve a desired error tolerance as well

as improving poorly shaped elements. An alternate approach is used in [134] where a 2D

mesh optimisation method is used which incorporates a moving mesh through repeated

weighted Laplacian mesh smoothing. These references all demonstrate that the combined

use of both mesh movement and mesh optimisation/refinement results in improvements
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over either applied individually. In the same vein as the current mesh optimisation meth-

ods, new methods will be based on optimising an objective function which determines the

need to fix the mesh to the moving properties (e.g. fluid). For example, a term may be

added into the element shape/size quality function to represent the grid to grid interpola-

tion errors (e.g. encouraging mesh movement perpendicular to solution gradients).

The optimisation of the mesh will involve a two stage approach. In the first stage, the

node movement is optimised so that at the end of the time step the mesh is not overly

distorted and the mesh has appropriate resolution and therefore accuracy is maximised.

The nodes will be moved (relative to moving fields) in directions of low curvature (curva-

ture will be normalised according to the element sizes) avoiding movement in directions

of high curvature and maintaining element conformity to the boundaries of the domain.

The second stage of the optimisation, optimises the mesh connectivity and node position,

thus avoiding mesh tangling. This optimisation (previous section) does not have to be

performed every time step and benefits (in terms of an improved starting point for the

mesh optimisation) from the improved quality of the mesh from node movement from

the first stage. In this second stage some of the element connectivity changes will be

discouraged from occurring because of the additional interpolation errors resulting from

mapping fields from the old mesh to the new adapted mesh.

The resulting method will have important applications in efficiently modelling of, for

example, stratified fluid problems since the mesh will be able to approximately follow

isopycnal surfaces, this holds the promise of yielding the largest benefit of current isopy-

cnal models, namely minimised diapycnal mixing properties, along with increased ro-

bustness and advantages of z and sigma coordinate models. In addition, being aligned

with isopycnals layers in stratified fluid applications is a property well known to be cru-

cially important for long time-scale simulations. The incorporation of mesh alignment (or

directionality information) is well known in variational structured mesh generation (e.g.

[135]). Further, motivation from the well developed use of monitor functions (analogous

to metric tensors here) in moving mesh methods (e.g. [136]) will be used as guides to

additional developments.
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7.4.3 Mesh adaptive multi-grid

Many mesh optimisation methods are based on hierarchical methods, e.g. [137, 132].

One of the advantages of this method is that the mesh hierarchy can be exploited for

geometric multi-grid solver methods. When a hierarchical method is not employed one

would still like to employ a multi-grid solver. One approach worthy of investigation is

the use of a mesh optimisation method to generate a hierarchy of progressively coarser

meshes. Standard grid-to-grid interpolation methods (e.g. [138]) would then be used to

form the associated prolongation and restriction operators [139].

Two important trends in multi-grid are non-nested geometric multi-grid methods and al-

gebraic multi-grid methods. Typically, in geometric multi-grid coarse representations of

the fine mesh are obtained and a FE assembly is performed on each coarse mesh. The

FE on the coarsest level is then solved and the solution interpolated onto the next mesh.

This provides the starting point for the next application of the smoother. In contrast, al-

gebraic multi-grid uses aggregation to lump terms in the matrix, recursively reducing its

rank, until it can be solved efficiently. The latter method has proved popular because

it can be applied as a black box algorithm and aggregation is algorithmically less com-

plex than generating coarse meshes. However, the method can lead to spurious coupling

between terms in the matrix. An alternative algorithm uses geometric multi-grid which

defines the restriction operator as the interpolation operator (based on the finite element

shape functions) and similarly define the prolongation operators (see Adams [139]). This

can then be used with standard algebraic multi-grid methods. In order to generate the

hierarchy of meshes Adams [139] calculates maximum independent sets (MIS) to gen-

erate smaller subsets of elements and then re-triangulate using Delaunay triangulation.

This reduces the impact of spurious coupling between terms but is not optimal, the De-

launay re-triangulation step is expensive and naturally only tetrahedra are employed. An

alternative approach is to create a specialised form of the mesh optimisation method for

rapidly generating a hierarchy of coarser meshes from a given fine mesh. Recent edge

coarsening methods such as that proposed by Ollivier-Gooch [46] are particularly inter-

esting. This approach will maximise coupling between terms in the matrix when the

reduction/prolongation operators are applied. These multi-grid meshes can be generated
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to reflect the solution structure or the conditioning of the matrix and provides extreme

flexibility in their construction. Parallelisation of this method is greatly simplified by

minimising coarsening across sub-domain boundaries.

7.4.4 Error norms

The overall optimisation method will adapt and optimise hex-dominant unstructured meshes

with respect to a metric tensor embodying all the solution errors. The metric tensors will

either be based on the Hessian of the solution (e.g. [10, 9, 11]) or a posteriori error

measures [12, 13, 14, 140]).

The aim of goal based error measures is to take the emphasis off the numerical analyst in

designing error norms and put it in the domain of the engineer or physicist who has a firm

understanding of the problem at hand. To do this one would typically want to extract a

particular quantity from the numerical simulation, for example an integral quantity such

as vorticity. These methods are particularly important for problems with a number of

solution variables where it is typically unclear what priority to put on resolving each of

the fields. In addition, sensitivity information may also be used to provide a bound for the

error in the required quantity, which can be invaluable to any model. An example of an

application area of this type of technique is in adapting a mesh to optimise a quantity of

interest in a fluid simulation such as the drag or lift past an aerofoil. The tendency of an

adapting mesh to refine right down to the scale able to resolve molecular viscosity in large

scale turbulent flows (e.g. in an ocean) can be reduced, as the adaption technique can be

guided by the measure of what is deemed to be important in the physics of the model.

7.4.5 Parallel computing

An important component of any new method needs to be the inclusion of parallel compu-

tational support. This means that at each stage of the method development the scalability

of the overall algorithm must be maintained as to avoid problems when parallelising the

method.
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Parallel mesh optimisation is currently performed by exploiting a domain decomposition

method in which the domain is partitioned into sub-domains and each processor is re-

sponsible for optimising a single sub-domain, excluding the overlapping region [53]. The

main difficulty is the problem of adapting elements that are shared between domains. In

order to maintain a consistent mesh these shared elements need to be updated in an identi-

cal fashion across all domains. Parallel mesh optimisation is achieved by adapting all the

elements in each sub-domain independently while locking the overlapping elements so

that they are left unchanged. A graph repartitioning is required to re-balance the number

of mesh nodes (processor load) per domain. The error metric is used to give a predicted

number of nodes in regions that have not been optimised. The predicted value is used to

apply weights to the mesh nodes to maximise the accuracy of the load-balance. In addi-

tion to this, weights are applied to the graph edges such that edges associated with poor

elements have high weights and so are less likely to be split by a partition. This choice

of edge weight, has the effect of perturbing partitions away from elements that require

optimisation while still load-balancing. Mesh optimisation is then reapplied to the mesh

to address these sub-standard elements. For repartitioning the parallel multilevel graph

partitioner ParMetis [66] is used. While this approach is effective it could be greatly im-

proved with the introduction of an efficient moving mesh method. Moving mesh methods

are extremely attractive as they do not adversely affect load-balance and as only nodal

positions are updated it is straight forward to move halo nodes in parallel [4]. This would

greatly decrease the number of repartitions, and thus the volume of data migration, that

would be required.
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Appendix A

Metric tensor

The metric tensorMMM , also called a Riemannian metric, is a symmetric and positive definite

tensor which may be used as a function that calculates the distance between any two

points to be computed in a given space, Ω. The components of MMM , gij , can be viewed as

multiplication factors which must be placed in front of the differential displacements dxi

in a generalised Pythagorean theorem,

ds2 = dxdxdxTMMMdxdxdx. (A.1)

In Euclidean space, gij = δij (where δij is the Kronecker delta defined by, δij = 1 if

i = j and δij = 0 otherwise), this reduces to the more familiar form of the Pythagorean

theorem,

ds2 = dx2
1 + dx2

2 + · · · .

The metric itself is coordinate independent but it can be expressed in terms of compo-

nents that depend on the choice of coordinate system. To find the components in some
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coordinate system, supply the basis as arguments to the metric function,

gαβ =< eeeα, eeeβ > .

In Cartesian coordinates, < eeeα, eeeβ >= δαβ and therefore,


gxx gxy · · ·

gyx gyy · · ·
...

... . . .

 =


1 0 · · ·

0 1 · · ·
...

... . . .



Take for example metric components in plane polar coordinates:

x = r cos(θ),

y = r sin(θ),

where θ is the angle between the vector and eeex. The basis vectors for plane polar coordi-

nates are:

eeer = eeex

(
∂x
∂r

)
+ eeey

∂x
∂r
,

= eeex cos(θ) + eeey sin(θ),

eθeθeθ = eeex

(
∂x
∂θ

)
+ eeey

∂x
∂θ
,

= −eeexr sin(θ) + eeeyr cos(θ).

Therefore the components of the metric associated with the new coordinates are:

grr = < eeer, eeer >= 1,

grθ = < eeer, eeeθ >= 0,

gθθ = < eeeθ, eeeθ >= r2.
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Expressing the metric tensorMMM in terms of its eigen decomposition,

MMM = VVV TΛΛΛVVV ,

where VVV contains the eigenvectors and ΛΛΛ = diag(λi), i = 1, 2, ... is the diagonal matrix

of eigenvalues, a useful physical interpretation of the metric tensor is evident. The metric

tensor can be seen as a description of how space is stretched or compressed along the

direction of the eigenvectors. Specifically, it can be expressed in terms of its deformation

matrix,MMM = FFF TFFF , whereFFF = ΛΛΛ
1
2VVV . Thus, a vector vvv can be mapped from the reference

space to the space Ω using,

v′v′v′ = FFF Tvvv.

A similar transformation exists for transforming a metric tensor from space Ω1, MMM1, to

another space Ω2,MMM2:

M ′M ′M ′ = FFF−T
2 MMM1FFF

−1
2 .

Also note,

FFF−T
1 MMM1FFF

−1
1 = III.


